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Abstract

In management science, mergers and acquisitions are common strategies to enhance the efficiency of decision-making units
(DMUs). While several methods have been proposed within data envelopment analysis (DEA) to facilitate merging and ac-
quiring DMUs, none adequately consider the specific targets of decision-makers. This study first introduces a novel approach
to identify a desirable DMU based on the gradient of the target function; subsequently, all units are ranked according to
their distance from these corresponding target units. Following this, a method is presented to select the best partner for the
merger or acquisition of a specified unit. Furthermore, new models are developed for horizontal mergers and acquisitions that
align with the gradient of the decision-maker’s target function, thereby enabling the formation of a new unit with the desired
efficiency level. Finally, the proposed models are applied to rank, merge, and acquire banks in Iran.
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1. Introduction and backgrounds

Financial challenges facing governments, organizations, and private institutions often force policymakers
and managers to cut expenses by consolidating units. However, this consolidation must not reduce the
efficiency or quality of services provided. Mergers can be categorized into several types based on the
relationship between the involved units. This research focuses specifically on horizontal mergers and
acquisitions (M&A). In a horizontal merger, two or more units combine to form a single integrated
entity, whereas an acquisition refers to the partial or complete purchase of one unit by another [11, 17].
Clearly, the merging process must ensure that the efficiency of the resulting unit is at least equal to that
of the original units. Additionally, the contribution of each merged unit to overall performance indicators
should be identified.

Researchers have increasingly incorporated the concept of mergers into the DEA framework. Bogetoft
and Wang made a significant contribution by using standard DEA models to perform the merger process
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under existing input and output levels. Their goal was to obtain potential profit from the merger by
maximizing input reduction [8]. Following their work, Al-Sharkas et al. [1] conducted an extensive
study on the cost and efficiency effects of bank mergers, using both parametric and non-parametric (DEA)
approaches. Unlike previous studies that focused mainly on large banks, their work examined mergers
across all bank sizes. Subsequently, Lozano and Villa [28] proposed two distinct DEA models: one
aimed at minimizing post-merger input costs (assuming known input prices) and the other designed to
maximize post-merger profits (assuming known output prices). Both models are particularly suitable for
in-market horizontal mergers, although they acknowledge that considerable overlap may exist among the
branches of merging firms.

Other notable merger models include Gattoufi et al. [16], who proposed a new application of Inverse
DEA (InvDEA) for strategic decision-making in the banking sector. Their model uses an InvDEA-based
approach to determine the required levels of inputs and outputs needed to achieve a predetermined effi-
ciency value. Similarly, Amin et al. [3] employed InvDEA to forecast the effects of mergers on market
performance. Amin and Boamah [2] applied a cost-efficiency-based InvDEA model to estimate poten-
tial merger profits, finding that it yielded higher profits than technical-efficiency-based models. Several
studies have also applied DEA and its inverse models to mergers within network structures, including
two-stage and series configurations [25, 37], highlighting benefits in cost and technical efficiency. Fur-
thermore, research has examined university mergers using DEA and simulation approaches. For instance,
Pyra and Siedlecka [31] investigated Polish universities, while Lozano and Contreras [27] analyzed the
Spanish public university system to evaluate efficiency gains. Recent research has introduced various
DEA-based approaches, such as models for units with negative data [35], multiplicative approach [13],
common set of weights (CSW) using goal programming [34], and models to achieve Pareto-efficient
units with optimal scale size [14].

In reality, the merger process must consider the specific targets of decision-makers, which can include
increasing profit, reducing costs and risks, or achieving an ideal unit [19, 23]. Therefore, these targets
must be essential components of any merger model. Addressing this, we present an approach where units
are merged in the direction of decision-makers’ targets to create a desirable unit.

Given the importance of selecting an appropriate partner, several DEA-based approaches have been
proposed. Wu et al. [36] introduced a DEA-based algorithm to help bidders choose suitable partners.
Lozano [26] used a cost-minimizing DEA model to select partners for joint ventures. Blancard et al. [7]
developed a mixed-integer linear programming model to identify potential partners, while Zhu et al. [38]
proposed a 0-1 integer linear programming model for the same purpose. More recently, Chang et al. [9]
introduced DEA-based Nash bargaining models to find the best partner in vertical mergers.

In contrast, this study introduces a new model to find the best partner based on decision-makers’
targets. This model is derived from a new ranking method that ranks all DMUs according to their distance
from corresponding desirable units defined by these targets. We note that many ranking methods in
DEA have been classified by Nasseri and Kiaei [30] into categories such as super-efficiency and cross-
efficiency. Andersen and Petersen [4] pioneered the super-efficiency method for ranking extreme efficient
units. However, this method can sometimes be infeasible, unstable, and fails to rank non-extreme DMUs.
Cross-efficiency, introduced by Sexton et al. [33], is another method. Research up to 2019 on ranking
units can be found in [30]. Additionally, Nasseri and Kiaei [30] presented a model ranking efficient
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units based on distance from ideal and anti-ideal units. Izadikhah and Farzipoor [22] proposed a new
DEA model based on modified context-dependent models. Recently, Hammami et al. [20] provided a
new method to define euclidean common sets of weights (ECSW) in DEA to rank both efficient and
inefficient firms.

In summary, this paper first introduces a novel model to identify a desirable DMU based on the
gradient of the objective function; subsequently, all units are ranked according to their distance from
these target units. This ranking mechanism facilitates the identification of the best partner for a specific
unit. Finally, we present models for merging and acquiring DMUs that align with the targets and desired
efficiency levels set by decision-makers. Unlike previous studies that considered only technical or radial
efficiency, this article presents new models for non-radial merger and acquisition. In these models, inputs
and outputs of merged units decrease or increase non-radially.

The remainder of this paper is organized as follows: Section 2 provides the necessary theoretical
definitions, introduces a model for identifying desirable units, and presents a novel ranking method along
with its properties and related theorems. It also explains how the best partner can be identified using this
ranking approach. Section 3 develops new models for horizontal mergers and acquisitions, accompanied
by their respective theorems and proofs. Section 4 illustrates the practical application of the proposed
models through a real-world case study involving Iranian banks. Finally, Section 5 concludes the paper
with key findings and remarks.

2. Ranking based on desirable units

In DEA, all DMUs of an organization are assumed to lie within a set known as the production possi-
bility set (PPS) [15]. Within a PPS, if a proportional increase in inputs for all efficient DMUs leads to
an equal proportional increase in outputs, the PPS exhibits constant returns to scale (CRS) [10]. Other-
wise, it demonstrates variable returns to scale (VRS) [6]. In this study, we assume that the PPS under
consideration possesses the property of variable returns to scale, denoted as PPS(V RS).

To enhance readability and clarify the mathematical framework, we organize the notation into logical
categories. The symbols used throughout this paper are summarized in Table 1. This table distinguishes
between input/output data, decision variables, parameters related to the target function, and auxiliary
variables.

Definition 1. [6] Let Xj = (x1j, x2j, ..., xmj) > 0 and Yj = (y1j, y2j, ..., ysj) > 0 be the input and
output vectors of DMUj for j = 1, 2, ..., n, respectively. Then PPS(V RS) is defined as

PPS(V RS) = {(X, Y )|
n∑

j=1

λjXj ⩽ X,
n∑

j=1

λjYj ⩾ Y, 1λ = 1, λ ⩾ 0}. (1)

DMUs are classified into efficient and inefficient categories within the PPS. Within this framework, the
strongest form of efficiency is known as Pareto-Koopmans efficiency. A unit satisfies this condition only
when it is impossible to find another feasible point in the PPS that offers more output with less or equal
input, or less input with more or equal output, without being identical to the unit itself.

Definition 2. A unit (X, Y ) is strongly efficient (or Pareto efficient), if there does not exists any unit
(X,Y ) ∈ PPS(V RS), such that X ⩽ X, Y ⩾ Y and (X,Y ) ̸= (X, Y ).
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Table 1. Summary of notations used in the paper

Category Symbol Description
Data Xj = (x1j , . . . , xmj) Input vector for DMUj

Yj = (y1j , . . . , ysj) Output vector for DMUj

PPS(V RS) Production Possibility Set (VRS)
DMUI Ideal Unit (Min inputs/Max outputs)

Target Function Π(X,Y ) decision-maker’s objective function
(η, ζ) = ∇Π(X,Y ) Gradient vector of Π
C1, C2 Coefficients for linear target function

Decision Variables voi , u
o
r Surplus/Deficiency amounts for DMUo

λj Scale coefficient variables for PPS
αiA, βrA Inputs/Outputs of merged unit A
vAi , u

A
r Adjustment amounts for unit A

θi, φr Predetermined efficiency ratios
δxi, δyr Constant shifts for virtual units

Derived Values DMUo Desirable unit of DMUo

A∗ Corresponding desirable unit of DMUA

In addition to strong efficiency, DEA distinguishes another category known as weak efficiency (or Farrell
efficiency). A unit is considered weakly efficient if it lies on the boundary of the PPS but does not satisfy
the stricter conditions of Pareto efficiency. Specifically, a weakly efficient unit cannot be improved in all
inputs and outputs simultaneously; however, it may still be possible to reduce some inputs or increase
some outputs without worsening others. This implies that while the unit is technically on the frontier, it
may not be fully utilizing its resources optimally in every dimension.

Definition 3. A unit (X, Y ) is weakly efficient (or Farrell efficient), if there does not exists any unit
(X,Y ) ∈ PPS(V RS), such that X < X and Y > Y .

To establish a theoretical benchmark for performance evaluation, we define the concept of an ideal unit.
This hypothetical entity represents the best possible performance attainable across all observed DMUs,
characterized by the minimum consumption of all inputs and the maximum production of all outputs
simultaneously. It serves as an absolute reference point for measuring efficiency gaps. However, it
is important to note that this ideal configuration is purely theoretical; in most practical cases, such a
unit does not exist within the feasible PPS, as no single observed DMU can simultaneously achieve the
optimal input levels and output levels of all other units.

Definition 4. The virtual unit DMUI = (x1I , x2I , . . . , xmI , y1I , y2I , . . . , ysI) is referred to as the
ideal unit. It is defined such that for all inputs i, xiI = minj=1,...,n{xij}, and for all outputs r, yrI =

maxj=1,...,n{yrj}. Note that the ideal unit does not necessarily belong to the PPS(V RS).

To establish a robust ranking mechanism, this section first defines the concept of a desirable unit as
a strategic target derived from the gradient of the decision-maker’s objective function. This approach
ensures that the target is not arbitrary but is intrinsically aligned with the specific strategic preferences
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of the manager. Notably, if the manager’s objective prioritizes maximum performance, the gradient
naturally converges toward the ideal unit (the theoretical benchmark of minimum inputs and maximum
outputs). Subsequently, we propose a model to identify the optimal desirable unit for any inefficient DMU
within the PPS(V RS), effectively mapping each unit to its corresponding strategic target. Following this,
a comprehensive method is introduced to determine the corresponding desirable unit for every DMU in
the set. The core of our ranking methodology relies on calculating the distance between each DMU and
its unique, strategically defined desirable unit. Consequently, DMUs are ranked based on this proximity;
specifically, the unit exhibiting the minimum distance to its corresponding desirable target is assigned
the highest rank. This framework guarantees that the ranking reflects both the mathematical efficiency
frontier and the explicit strategic goals of the decision-maker.

2.1. Desirable unit of an inefficient unit

Suppose that the targets of decision-makers for a unit (X, Y ) are represented by a differentiable and
increasing function Π(X, Y ) : Rm+s

>0 −→ R, such that this function reflects the objective of increasing
outputs (Y ) and decreasing inputs (X) across all units under their management. It should be noted that
Π(X, Y ) can also be defined as a combination of multiple goals.

The selection of the objective function Π(X,Y ) is grounded in the principles of multi-objective opti-
mization and managerial decision theory. It is defined as a differentiable and strictly increasing function,
which mathematically guarantees that its gradient vector points towards the direction of simultaneous
input reduction and output maximization. This property ensures that the search process for a desirable
unit is always aligned with the core efficiency goals of the organization. Furthermore, Π(X, Y ) serves
as a flexible framework; it can be constructed as a weighted combination of various strategic objectives
(e.g., profitability, risk control, or market share), allowing decision-makers to tailor the target formation
to their specific context while maintaining the rigorous mathematical structure required for robust DEA
analysis.

Remark 1. Note that in management science, the function Π(X,Y ) can take various forms. For in-
stance, in bank management, Π(X, Y ) may represent revenue and cost functions, or a combination of
both. Moreover, if reaching the ideal unit I is a primary goal for a manager regarding a specific unit such
as DMUo, then Π(X,Y ) becomes a linear function defined as Π(X,Y ) = (C1, C2)

t.(X, Y ), where:
C1 = [ci1] with ci1 = xio−xiI , and C2 = [cr2] with cr2 = yrI − yro, for i = 1, 2, ...,m and r = 1, 2, ..., s.

Building upon the target function Π(X,Y ), we define a specific unit on the efficient frontier that rep-
resents the optimal improvement path for any given inefficient unit. This unit, referred to as the desirable
unit, is determined by moving from the current position of the DMU in the direction of the gradient vector
of the objective function. By construction, this desirable unit lies on the efficiency frontier; consequently,
it may be classified as either Pareto desirable or weakly desirable, depending on whether the resulting
unit satisfies the conditions of strong (Pareto) efficiency or weak efficiency.

Definition 5. The desirable unit of an inefficient DMUo is defined as the efficient unit o obtained by
improving DMUo in the direction of the gradient vector of Π(X,Y ) at DMUo, denoted as ▽Π(Xo, Yo).
We say that DMUo is Pareto desirable if it is Pareto efficient, and weakly desirable if it is weakly efficient.
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For i = 1, . . . ,m and r = 1, . . . , s, let voi ⩾ 0 denote the surplus amount of the i-th input and
uo
r ⩾ 0 denote the deficiency amount of the r-th output of DMUo. Furthermore, let the vector (η, ζ) =

▽Π(Xo, Yo) ⩾ 0 represent the weights associated with (vo, uo).
To ensure that (Xo − vo, Yo + uo) constitutes a desirable unit on the efficient frontier for the inefficient
DMUo = (Xo, Yo), we maximize the values of voi and uo

r in the direction of (η, ζ), subject to the con-
straints (Xo − vo, Yo + uo) ∈ PPS(V RS) and (vo, uo) ⩾ 0.
For instance, as shown in Figure 1, the desirable unit of an inefficient DMUo = (x1, y1) in the direction of
(η1, ζ1) = ▽Π(x1, y1) corresponds to a Pareto-efficient unit DMUo∗ = (x1−v∗o1 , y1+u∗o

1 ) ∈ PPS(V RS).
Consequently, to determine the desirable unit for an inefficient DMUo ∈ PPS(V RS), we propose the fol-

Figure 1. Desirable unit of inefficient DMUo.

lowing optimization model:

Max

(
m∑
i=1

ηiv
o
i +

s∑
r=1

ζru
o
r

)
S. to :

n∑
j=1

λjxij + voi ⩽ xio, i = 1, 2, ...,m;

n∑
j=1

λjyrj − uo
r ⩾ yro, r = 1, 2, ..., s;

n∑
j=1

λj = 1;

λj ⩾ 0, j = 1, 2, ..., n;

voi ⩾ 0, i = 1, 2, ...,m;

uo
r ⩾ 0, r = 1, 2, ..., s.

(2)

Proposition 1. Problem (2) is always feasible.

Proof. Since DMUo lies within PPS(V RS), there exist scalars λj for j = 1, . . . , n such that∑n
j=1 λjxij ⩽ xio and

∑n
j=1 λjyrj ⩾ yro, where

∑n
j=1 λj = 1 and λj ⩾ 0. Consequently, by considering

the constraints of (2), it is clear that setting voi = 0 and uo
r = 0 yields a feasible solution for all i, r, and

j. □

In Proposition 2, we show that the optimal solution of (2) determines a desirable unit on the efficient
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frontier for DMUo.

Proposition 2. Suppose (λ∗, V ∗o, U∗o) is the optimal solution of (2). If ηi > 0 and ζr > 0 for all
i = 1, . . . ,m and r = 1, . . . , s, then the unit o∗ = (Xo − V ∗o, Yo + U∗o) is a Pareto-efficient desirable
unit of DMUo. Generally, if (η1, . . . , ηm, ζ1, . . . , ζs) ⩾ 0, then o∗ is a weakly efficient desirable unit of
DMUo.

Proof. By contradiction, suppose that DMUo∗ = (Xo − V ∗o, Yo + U∗o) ∈ PPS(V RS) is not a Pareto-
efficient DMU. Hence, there exists another DMU, denoted as DMUC ∈ PPS(V RS), which dominates
DMUo∗ . Therefore, we have XC ⩽ Xo∗ and YC ⩾ Yo∗ , with at least one inequality being strict.
Thus, there exists an index t (1 ⩽ t ⩽ m) such that xtC = xto∗ − ε for some ε > 0, while for all i ̸= t,
we have xiC ⩽ xio∗ and yrC ⩾ yro∗ for r = 1, . . . , s.
Since DMUC ∈ PPS(V RS), there exist scalars λj for j = 1, . . . , n such that:

n∑
j=1

λjxij ⩽ xiC ⩽ xio∗ , i = 1, . . . ,m, i ̸= t;

n∑
j=1

λjxtj ⩽ xtC = xto∗ − ε;

n∑
j=1

λjyrj ⩾ yrC ⩾ yro∗ , r = 1, . . . , s;

n∑
j=1

λj = 1;

λj ⩾ 0, j = 1, . . . , n.

(3)

For i = 1, . . . ,m and r = 1, . . . , s, since xio∗ = xio − v∗oi and yro∗ = yro + u∗o
r , where v∗oi ⩾ 0 and

u∗o
r ⩾ 0, we obtain:

n∑
j=1

λjxij + v∗oi ⩽ xio, i = 1, . . . ,m, i ̸= t;

n∑
j=1

λjxtj + v∗ot + ε ⩽ xto;

n∑
j=1

λjyrj − u∗o
r ⩾ yro, r = 1, . . . , s;

n∑
j=1

λj = 1;

λj ⩾ 0, j = 1, . . . , n;

v∗oi ⩾ 0, i = 1, . . . ,m;

u∗o
r ⩾ 0, r = 1, . . . , s.

(4)

Equation (4) shows that (λ, v∗o1 , . . . , v∗ot + ε, . . . , v∗om , u∗o
1 , . . . , u∗o

s ) is a feasible solution for problem (2).
Since ηi > 0 and ζr > 0 for all i and r, the objective function value corresponding to this feasible
solution is strictly larger than the optimal value of (2) associated with (λ∗, V ∗o, U∗o). This contradicts
the assumption that (λ∗, V ∗o, U∗o) is an optimal solution of (2). The proof for the second part of the
proposition follows similarly. □
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2.2. Ranking DMUs based on corresponding desirable units

To rank all units, we first find the corresponding desirable unit for each. Specifically, for every input
i, we add a constant value δxi ∈ ℜ+ to the ith input of all units, and for every output r, we subtract
a constant value δyr ∈ ℜ+ from the rth output of all units. Consequently, for a unit such as DMUA,
its inefficient virtual counterpart is defined as DMUA = (x1A + δx1, x2A + δx2, ..., xmA + δxm, y1A −
δy1, y2A − δy2, ..., ysA − δys) ≡ (XA + ∆X, YA − ∆Y ) where ∆X = (δx1, δx2, ..., δxm) and ∆Y =

(δy1, δy2, ..., δys). If DMUA is efficient, then the virtual unit DMUA = DMUA + (∆X,−∆Y ) lies
within PPS(V RS), and it has a distance from the efficient frontier. Subsequently, by applying model (2),
we determine the corresponding desirable unit for this inefficient virtual DMUA. Accordingly, model
(2) can be reformulated as follows:

Max

(
m∑
i=1

ηiv
A
i +

s∑
r=1

ζru
A
r

)
S. to :

n∑
j=1

λjxij + vAi ⩽ xiA, i = 1, 2, ...,m;

n∑
j=1

λjyrj − uA
r ⩾ yrA, r = 1, 2, ..., s;

n∑
j=1

λj = 1;

λj ⩾ 0, j = 1, 2, ..., n;

vAi ⩾ 0, i = 1, 2, ...,m;

uA
r ⩾ 0, r = 1, 2, ..., s.

(5)

After identifying the inefficient virtual unit DMUA and obtained its optimal solution from model (5), we
derive the corresponding desirable unit by reversing the adjustments applied to the inputs and outputs.
Based on this, we define:

Definition 6. Suppose (V ∗A, U∗A) is the optimal solution of (5) for DMUA. Then A∗ = (XA+△X−
V ∗A, YA −△Y + U∗A) is defined as the desirable unit of DMUA. Furthermore, we introduce DMUA∗

as the corresponding desirable unit for the original DMUA.

Figure 2 illustrates the process of determining the corresponding desirable units for five units, each
having one input and one output. In the first stage, by adding a constant value δx1 > 0 to the input and
subtracting a constant value δy1 > 0 from the output of all units, inefficient virtual units A,B,C,D, and
E are generated. Subsequently, applying model (5) yields the desirable units A∗, B∗, C∗, D∗, and E∗ for
A,B,C,D, and E, respectively. According to Definition 6, these points constitute the corresponding
desirable units for the original units A,B,C,D, and E.

Remark 2. According to Proposition 2, if the vector (η, ζ) is strictly positive ((η, ζ) > 0), then A∗

constitutes a Pareto efficient desirable unit; conversely, if (η, ζ) ⩾ 0, then A∗ represents a weakly efficient
desirable unit.

By selecting the vector (η, ζ) in (5) along the direction of the gradient of the manager’s target function,
the corresponding desirable unit A∗ is demonstrated to possess higher desirability than the original unit
A relative to the decision-makers’ objectives. Furthermore, in the ranking process, a unit that is closer to
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Figure 2. Corresponding desirable unit of DMUs.

its corresponding desirable unit achieves a better rank; in other words, the unit nearer to the managers’
preferred target is assigned a superior position.

Definition 7. If the distance between unit A and A∗, measured in the p-norm, is less than the distance
between unit B and B∗, then DMUA is ranked higher than DMUB.

Figure 2 shows the distance (in norm 2) of all units from their corresponding desirable units. Based on
these distance metrics, the units are ranked as follows: C,B,A,E and D (from rank 1 to 5).

Remark 3. Let (V ∗A, U∗A) and (V ∗B, U∗B) denote the optimal solutions of (5) for DMUA and DMUB,
respectively. Under these conditions, we have ∥A−A∗∥p = ∥(V ∗A−△X,△Y−U∗A)∥p and ∥B−B∗∥p =
∥(V ∗B −△X,△Y − U∗B)∥p. Consequently, invoking Definition 7, if ∥(V ∗A −△X,△Y − U∗A)∥p <

∥(V ∗B −△X,△Y − U∗B)∥p, then DMUA is ranked higher than DMUB.

The proposed ranking model offers several distinct advantages over existing methods, which can be
summarized as follows:

1. Feasibility: Unlike certain approaches, such as Andersen and Petersen [4], which may yield infea-
sible solutions when ranking specific units, the proposed method guarantees feasibility for all cases
(see Proposition 1).

2. Comprehensive ranking: While traditional models like [4], [29], [32], and [24] are limited to ranking
only extreme efficient units, the proposed approach enables the ranking of all DMUs.

3. Managerial goal alignment: Previous studies, including [5] and [18], have largely overlooked the
strategic objectives of managers in the ranking process. In contrast, our method explicitly integrates
these objectives to ensure alignment with desired outcomes.
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2.3. Best partner for merger by the new ranking

In this subsection, we aim to identify the best partner among a set of candidate units P = {P1, P2, . . . , Pk}
for merging with a specified unit A. The objective is to form an efficient composite unit that aligns with
the decision-makers’ targets. To achieve this, let Q = {M1 = P1+A,M2 = P2+A, . . . ,Mk = Pk +A}
denote the set of potential merged entities resulting from combining A with each unit in P . Subsequently,
by incorporating set Q into PPSV RS and applying the proposed ranking method from Subsection 2.2, we
rank all units within Q. If a specific merged unit Mt (formed by the combination of A and Pt) achieves the
highest rank, it implies that Mt has the minimum distance to its corresponding desirable unit compared
to other members of Q. Consequently, DMUPt is identified as the best partner for DMUA.

3. Merger to reach the desirable unit

To incorporate decision-makers’ targets into the merger process, various objectives can be considered,
in which reaching the ideal unit from the perspective of the decision-makers is one of the best goals.
Therefore, a novel merger model is presented below to achieve such targets through a new approach.
Specifically, we aim to merge two partner units A and B horizontally, such that based on the targets of
decision-makers (Π), a desirable unit in PPS(V RS) is determined.

For this purpose, let (XM , YM) ≡ (XA + XB, YA + YB) and suppose DMUO with inputs α∗
1A +

α∗
1B, α

∗
2A + α∗

2B, ..., α
∗
mA + α∗

mB and outputs β∗
1A + β∗

1B, β
∗
2A + β∗

2B, ..., β
∗
sA + β∗

sB is the desirable unit of
(XM , YM), obtained in the direction of vector (η1, η2, ..., ηm, ζ1, ζ2, ..., ζs) = ∇Π(XM , YM) ⩾ 0. To find
vectors (α∗

1A + α∗
1B, α

∗
2A + α∗

2B, ..., α
∗
mA + α∗

mB) and (β∗
1A + β∗

1B, β
∗
2A + β∗

2B, ..., β
∗
sA + β∗

sB), we need to
maximize the reduction of inputs for A and B, as well as the increase of outputs for A and B, in the direc-
tion of (η1, η2, ..., ηm, ζ1, ζ2, ..., ζs). Accordingly, suppose (α∗

1A, α
∗
2A, ..., α

∗
mA) = (x1A, x2A, ..., xmA) −

(v∗A1 , v∗A2 , ..., v∗Am ), (α∗
1B, α

∗
2B, ..., α

∗
mB) = (x1B, x2B, ..., xmB)−(v∗B1 , v∗B2 , ..., v∗Bm ), (β∗

1A, β
∗
2A, ..., β

∗
sA) =

(y1A, y2A, ..., ysA)+(u∗A
1 , u∗A

2 , ..., u∗A
s ) and (β∗

1B, β
∗
2B, ..., β

∗
sB) = (y1B, y2B, ..., ysB)+(u∗B

1 , u∗B
2 , ..., u∗B

s );
now, to obtain vectors (v∗A1 , v∗A2 , ..., v∗Am ), (v∗B1 , v∗B2 , ..., v∗Bm ), (u∗A

1 , u∗A
2 , ..., u∗A

s ) and (u∗B
1 , u∗B

2 , ..., u∗B
s ),

we design the following model:

Max

(
m∑
i=1

ηi(v
A
i + vBi ) +

s∑
r=1

ζr(u
A
r + uB

r )

)
S. to :

∑
j∈F

λjxij + λMxiM ⩽ θi(αiA + αiB), i = 1, 2, ...,m;∑
j∈F

λjyrj + λMyrM ⩾ φr(βrA + βrB), r = 1, 2, ..., s;

αiA ⩽ xiA − vAi , i = 1, 2, ...,m;

αiB ⩽ xiB − vBi , i = 1, 2, ...,m;

βrA ⩾ yrA + uA
r , r = 1, 2, ..., s;

βrB ⩾ yrB + uB
r , r = 1, 2, ..., s;∑

j∈F
λj + λM = 1;

λM ⩾ 0, λj ⩾ 0, ∀j ∈ F ;

vAi ⩾ 0, vBi ⩾ 0, i = 1, 2, ...,m;

uA
r ⩾ 0, uB

r ⩾ 0, r = 1, 2, ..., s,

(6)
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where F denotes the set of DMUs in the post-merger evaluation process, excluding the merged units
themselves. The variables are defined as follows: αi, βr, v

A
i , v

B
i , u

A
r , u

B
r for i = 1, . . . ,m and r =

1, . . . , s, along with λM and λj for all j ∈ F . Furthermore, θi and φr represent the predetermined ratios
(or efficiency scores) for inputs and outputs of DMUO, respectively, satisfying θi ⩽ 1 and φr ⩾ 1 for all
i and r. It is important to note that these values are determined based on managerial preferences.

Let (α∗
i , β

∗
r , v

∗A
i , v∗Bi , u∗A

r , u∗B
r , λ∗

M , λ∗
j) be the optimal solution to model (6). Then, DMUO, charac-

terized by inputs α∗
1A + α∗

1B, . . . , α
∗
mA + α∗

mB and outputs β∗
1A + β∗

1B, . . . , β
∗
sA + β∗

sB, represents the unit
obtained from merging A and B, subject to the predetermined efficiency scores θi and φr. In this regard,
we shall prove that the unit

DMUG ≡ (θ1α
∗
1O, . . . , θmα

∗
mO, φ1β

∗
1O, . . . , φsβ

∗
sO)

is efficient. Moreover, since it is derived in the direction of the gradient vector (η, ζ) = ∇Π(XM , YM), it
constitutes a desirable unit.

It is worth noting that, in model (6), when the objective function maximizes the reduction of inputs
and the increase of outputs of units A and B in direction of vector ∇Π(XM , YM); the set of constraints
1, 2, 7 and 8 guarantees that DMUG ∈ PPS(V RS), and the set of constraints 3 and 4 show the excess
amount of inputs of units A and B. Also, the set of constraints 5 and 6 indicate the deficiency amount of
outputs of units A and B. For instance, Figure 3 illustrates the merger of two units, A and B, each with a
single input and output, based on model (6) under the assumption that θ1 = φ1 = 1.

Figure 3. Merger of two units A and B based on (6).

A crucial aspect of the feasibility of problem (6) depends on appropriately determining a lower bound
for θi and an upper bound for φr for all indices i and r. To identify these suitable bounds, we propose the
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following optimization problem:

Min (
m∑
i=1

θi −
s∑

r=1

φr)

S. to :
∑
j∈F

λjxij + λMxiM ⩽ θixiM , i = 1, 2, ...,m;∑
j∈F

λjyrj + λMyrM ⩾ φryrM , r = 1, 2, ..., s;∑
j∈F

λj + λM = 1,

λM ⩾ 0, λj ⩾ 0, ∀j ∈ F ;

θi ⩽ 1, φr ⩾ 1, ∀i, r.

(7)

Indeed, model (7) evaluates the unit (XM , YM). If the optimal value of this model equals zero, then
(XM , YM) is a Pareto-efficient unit. Furthermore, the model is feasible because the solution set defined
by θi = 1, φr = 1, λM = 1, and λj = 0 for all j ∈ F satisfies all constraints of (7).

Now, let (θ∗1, . . . , θ
∗
m, φ

∗
1, . . . , φ

∗
s) denote the optimal solution to (7). We define θ∗i as the lower bound

for θi and φ∗
r as the upper bound for φr, such that for all i and r, the following inequalities hold:

θ∗i ⩽ θi ⩽ 1 and 1 ⩽ φr ⩽ φ∗
r

Theorem 1. Let (λ∗, θ∗1, . . . , θ
∗
m, φ

∗
1, . . . , φ

∗
s) be the optimal solution to model (7). If, for all i and r,

the conditions θ∗i ⩽ θi and φr ⩽ φ∗
r are satisfied, then problem (6) is guaranteed to be feasible.

Proof. Given that for all i and r, θ∗i ⩽ θi and φr ⩽ φ∗
r , and considering that (λ∗, θ∗1, . . . , θ

∗
m, φ

∗
1, . . . , φ

∗
s)

is a feasible solution to (7), the constraints of model (7) imply the following inequalities:∑
j∈F

λ∗
jxij + λ∗

MxiM = θ∗i xiM ⩽ θi(xiA + xiB), ∀i;∑
j∈F

λ∗
jyrj + λ∗

MyrM = φ∗
ryrM ⩾ φr(yrA + yrB), ∀r;∑

j∈F
λ∗
j + λ∗

M = 1, λ∗
M ⩾ 0, λ∗

j ⩾ 0, ∀j ∈ F.

(8)

Equation (8) demonstrates that for all i and r, the vector (λ∗, αiA = xiA, αiB = xiB, βrA = yrA, βrB =

yrB, v
A
i = v∗Bi = uA

r = u∗B
r = 0) constitutes a feasible solution for problem (6). Consequently, problem

(6) is feasible. □

Theorem 2. Suppose that for all i and r, the vector (α∗
iO = α∗

iA+α∗
iB, β

∗
rO = β∗

rA+β∗
rB, λ

∗) represents
the optimal solution, and the scalar

∑m
i=1 ηi(v

∗A
i + v∗Bi ) +

∑s
r=1 ζr(u

∗A
r + u∗B

r ) denotes the optimal
value of model (6). Then, the unit DMUG, characterized by the input vector (θ1α∗

1O, . . . , θmα
∗
mO) and

output vector (φ1β
∗
1O, . . . , φsβ

∗
sO), is a Pareto-efficient desirable unit provided that ηi > 0 and ζr > 0.

Furthermore, if ηi ⩾ 0 and ζr ⩾ 0 (with at least one strictly positive), it constitutes a weakly efficient
desirable unit.

Proof. Suppose that for (η, ζ) > 0, DMUG = (θi(α
∗
iA +α∗

iB), φr(β
∗
rA + β∗

rB)) is not a Pareto-efficient
DMU; then there exists DMUN = (θi(αiA+αiB), φr(βrA+βrB)) which dominates DMUG. Therefore,
we have αiA ⩽ α∗

iA, αiB ⩽ α∗
iB, βrA ⩾ β∗

rA, βrB ⩾ β∗
rB, and at least one of these inequalities is strict.
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Let there exist t such that 1 ⩽ t ⩽ m and αtA = α∗
tA − ε in which ε > 0, and for all i(̸= t), we have

αiA ⩽ α∗
iA, and for all i and r, we have αiB ⩽ α∗

iB, βrA ⩾ β∗
rA, βrB ⩾ β∗

rB.
Now, according to model (6), we have:

αiA ⩽ α∗
iA ⩽ xiA − v∗Ai , i = 1, 2, ...,m, i ̸= t;

αtA = α∗
tA − ε ⩽ xtA − (v∗At + ε);

αiB ⩽ α∗
iB ⩽ xiB − v∗Bi , i = 1, 2, ...,m;

βrA ⩾ β∗
rA ⩾ yrA + u∗A

r , r = 1, 2, ..., s;

βrB ⩾ β∗
rB ⩾ yrB + u∗B

r , r = 1, 2, ..., s.

(9)

Also, since DMUN ∈ PPS(V RS), there exists λ, such that:

xiN = θi(αiA + αiB) ⩾
∑
j∈F

λjxij + λMxiM , i = 1, 2, ...,m, i ̸= t;

xtN = θt(αtA + αtB) ⩾
n∑

j∈F
λjxtj + λMxtM ;

yrN = φr(βrA + βrB) ⩽
∑
j∈F

λjyrj + λMyrM , r = 1, 2, ..., s;∑
j∈F

λj + λM = 1, λM ⩾ 0, λj ⩾ 0, j ∈ F.

(10)

Now, (9) and (10) show that for i = 1, 2, ..., t−1, t+1, ...,m and r = 1, 2, ..., s, the vector (λ, v∗Ai , (v∗At +

ε), v∗Bi , u∗A
r , u∗B

r , αiA, αtA, αiB, βrA, βrB) is a feasible solution for (6). Since, for all i and r, ηi > 0 and
ζr > 0, therefore, the objective function’s value of problem (6) corresponding to this feasible solution

is larger than the optimal value of (6), and this contradicts our assumption that
m∑
i=1

ηi(v
∗A
i + v∗Bi ) +

s∑
r=1

ζr(u
∗A
r + u∗B

r ) is the optimal solution of (6). The proof of the second part of the theorem is similar to

the first one.
□

Corollary 1. According to Theorem 2, in model (6), if θi = 1 and φr = 1 for all i = 1, . . . ,m and
r = 1, . . . , s, then the unit DMUO = ((α∗

iA + α∗
iB), (β

∗
rA + β∗

rB)) resulting from the merger constitutes
a Pareto-efficient desirable unit, provided that ηi > 0 and ζr > 0. Furthermore, if ηi ⩾ 0 and ζr ⩾ 0, it
represents a weakly efficient desirable unit.

Remark 4. According to Theorem 2, the i-th input of DMUO, with value α∗
iO, scaled by the coefficient

θi, lies on the efficient frontier. Similarly, the r-th output, with value β∗
rO, scaled by φr, also lies on the

efficient frontier. Consequently, the overall efficiency score of DMUO is defined as:

Φ =

1
m

m∑
i=1

θi

1
s

s∑
r=1

φr

If Φ = 1, then DMUO is deemed efficient; otherwise, if Φ < 1, it is considered inefficient.
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3.1. Reaching the desirable unit by acquisition

An acquisition merger is defined as a business transaction in which one entity acquires all or part of
another unit [11]. Suppose that, in order to enhance the performance and efficiency score of unit A, one
seeks to utilize all or part of unit B. To determine the necessary inputs and outputs for unit B within
this merger context, we consider the input and output values of unit A by incorporating them into model
(6). Specifically, for all i and r, we set vAi = uA

r = 0, αiA = xiA, and βrA = yrA. Substituting these
conditions into (6) yields the following new acquisition model:

Max

(
m∑
i=1

ηiv
B
i +

s∑
r=1

ζru
B
r

)
S. to :

∑
j∈F

λjxij + λMxiM ⩽ θi(αiB + xiA), i = 1, 2, ...,m;∑
j∈F

λjyrj + λMyrM ⩾ φr(βrB + yrA), r = 1, 2, ..., s;

αiB ⩽ xiB − vBi , i = 1, 2, ...,m;

βrB ⩾ yrB + uB
r , r = 1, 2, ..., s;∑

j∈F
λj + λM = 1;

λM ⩾ 0, λj ⩾ 0, ∀j ∈ F ;

vBi ⩾ 0, uB
r ⩾ 0, i = 1, 2, ...,m, r = 1, 2, ..., s.

(11)

If (α∗
B, β

∗
B) represents the optimal solution to model (11), then the resulting unit from the acquisition is

DMUO = (XA + α∗
B, YA + β∗

B). Here, α∗
iB and β∗

rB denote the specific inputs and outputs of unit B that
must be acquired by unit A.
Note: Given the structural similarity between models (6) and (11), all issues raised and theorems proved
for the horizontal merger in the previous section also apply to the acquisition scenario and model (11).

4. Ranking and M&A of Iranian banks using the presented
models

To demonstrate the practical utility of the proposed models, we applied them to rank and identify the best
merger partners among Iranian banks. Notably, the current number of bank branches in Iran exceeds the
global standard by at least a factor of two [14]. This proliferation of branches is increasingly viewed as
a threat to national economic stability. Critics argue that capital allocated to establishing new branches
would yield greater returns if redirected toward enhancing operational productivity. Consequently, re-
ducing the branch network to an optimal level and prioritizing strategic bank mergers are imperative
measures.

The case study encompasses 23 Iranian banks for the year 2022, utilizing data sourced from the Iran
Banking Institute report [21]. The specific inputs and outputs employed in this analysis are detailed in
Table 2. Aligned with the methodologies of Gattoufi et al. [16] and Amin and Boamah [2], we adopt
variables X1 and X2 as inputs and Y1 and Y2 as outputs, grounded in the intermediation approach.
This framework was selected due to its robustness and suitability for assessing banking efficiency. Sub-
sequently, we calculated the Super-SBM efficiency scores [12] for each institution; the comprehensive
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results and associated data are presented in Table 3.

Table 2. Inputs and outputs used in the study.

Category Description
Input X1: Interest
Expenses

Expenses related to deposits and other borrowed funds; commission and
doubtful receivables expenses; investment and foreign currency transac-
tion expenses; and income tax costs.

Input X2: Non-
interest Expenses

Personnel and salary costs; administrative and general expenses; depre-
ciation expenses; and other operating expenses.

Output Y1: Interest
Income

Income generated from loans and deposits, as well as earnings from
investments and foreign exchange transactions.

Output Y2: Non-
interest Income

Service charges on loans and transactions, commission revenues, and
other operating income.

Table 3. Iranian banks data in 2022 ( on billion Rials).

Bank Bank Input Input Output Outputt SBM
number name X1 X2 Y1 Y2 efficiency

score
Bank1 Ayandeh 503716.00 29810.00 252061.00 5786.00 0.0999
Bank2 Gardeshgari 129029.00 9383.00 121179.00 22655.00 0.7977
Bank3 EghtesadNovin 191292.00 19195.00 217119.00 18533.00 0.4948
Bank4 Mehre 8490.00 18990.00 19470.00 26692.00 1.0000
Bank5 IranVenezuela 204.00 232.00 2348.00 4.00 1.0000
Bank6 Karafarin 51590.34 11156.00 71051.00 4867.00 0.3581
Bank7 Keshavarzi 214919.11 84136.00 276994.00 22292.00 0.3251
Bank8 Khavarmianeh 37902.00 4094.00 59610.00 2965.00 1.0000
Bank9 Maskan 146502.00 67604.00 204944.00 9153.00 0.2192
Bank10 Melal 74666.00 8393.00 60296.00 13240.00 0.5913
Bank11 Mellat 446217.00 245631.00 798033.00 54946.00 1.0000
Bank12 Parsian 226920.00 25020.00 234405.00 22964.00 0.4791
Bank13 Pasargad 311805.55 31270.00 411117.00 87156.00 1.0000
Bank14 Post bank 27110.00 12099.00 41263.00 10073.00 0.6789
Bank15 Refah 219180.21 80643.00 281755.00 19979.00 0.2999
Bank16 Saderat 420384.80 133358.00 464283.00 93103.00 1.0000
Bank17 Saman 102146.71 20302.00 121039.00 23278.00 0.6764
Bank18 Sarmaye 76995.00 5454.00 12412.00 867.00 0.0743
Bank19 Shahr 171444.00 24655.00 156707.00 61414.00 1.0000
Bank20 Sina 42448.00 15928.00 60414.00 5518.00 0.3337
Bank21 Tejarat 352874.42 147788.00 522491.00 57491.00 0.6890
Bank22 Tosee-Saderat 53303.78 7812.00 48384.00 2918.00 0.2610
Bank23 Tosee-Taavon 31209.00 15365.00 39500.00 7952.00 0.6403
Bank24 Ideal bank 204 232 798033 93103

4.1. Ranking banks

Subsequently, we rank all banks using the novel method proposed in Subsection 2.2. To this end, we
define a general objective function:

Π(X, Y ) = w1f(Y ) + w2g(X) + w3h(X, Y ), (12)
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where f(Y ) =
s∑

r=1

yr represents the income function, g(X) =
m∑
i=1

xi denotes the total cost function, and

h(X, Y ) is designed to measure the proximity of bank o to an ideal benchmark (o ∈ {1, 2, ..., 23}). The
function h(X, Y ) is explicitly defined as:

h(X, Y ) =
s∑

r=1

(yrI − yro)yr +
m∑
i=1

(xro − xiI)xi, (13)

where w1, w2, and w3 are non-negative weights summing to unity (
3∑

k=1

wk = 1), reflecting our strategic

inclination to maximize income, minimize costs, and approach the ideal unit simultaneously.
For the purpose of this case study, we assign equal weights (w1 = w2 = w3 = 1/3) for simplicity

and clarity. We then solve model (5) by evaluating the gradient vector of Π(x1, x2, y1, y2) at the point
(Xo, Yo), defined as:

▽Π(Xo, Yo) =
2∑

i=1

1

3
(1 + xio − xiI) +

2∑
r=1

1

3
(1 + yrI − yro). (14)

This calculation yields the corresponding desirable bank for each Banko and its Euclidean distance
(norm 2) from that ideal target. Consequently, the final rankings are determined following the procedure
outlined in Subsection 2.2; the results are presented in the third column of Table 4. Additionally, Table 4
lists the specific desirable bank associated with each institution based on Π(X, Y ).

It is important to note that since the vector (η, ζ) in model (5) is strictly positive, Remark 2 guar-
antees that all derived desirable banks are Pareto-efficient. Finally, regarding the perturbation parame-
ters used in the ranking process, we have adopted simplified values-specifically (δx1, δx2, δy1, δy2) =

(100, 100, 100, 1) to facilitate intuitive understanding and demonstrate the practical application of the
model without compromising the underlying logic.

A critical observation from Table 4 is that for Bank 11, the calculated desirable bank coincides ex-
actly with its current identity (Bankdesired

11 = Bank11). This unique outcome signifies that Bank 11 has
already achieved the theoretical optimum defined by the Π(X,Y ) function. Unlike other units which re-
quire structural adjustments or mergers to approach an ideal benchmark, Bank 11 demonstrates superior
efficiency and resource allocation such that no further improvement in inputs or outputs can be realized
without compromising its current state. Consequently, this bank represents a best practice model within
the sector, serving as a natural benchmark rather than a candidate for merger.

4.2. Identifying the best merger partner for Bank 1

To illustrate the practical application of the proposed approaches in identifying best partners for mergers
and acquisitions (M&A), we consider Bank 1 as a case study; similar analyses can be extended to other
institutions. As shown in Table 4, Bank 1 holds the lowest rank, exhibiting a significant distance from
its corresponding desirable unit. To elevate Bank 1 toward this ideal target, a strategic approach involves
merging with another inefficient unit or acquiring a bank such that the resulting entity becomes a desirable
bank.

Accordingly, among all SBM-inefficient banks, we seek the most suitable partner for Bank 1. To this
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Table 4. Corresponding desirable and Ranks of the Iranian banks in 2022.

DMU The corespending desirable Distance (norm 2) from desirable
number banks based on Π(X,Y ) bank based on Π(X,Y ) (Rank)
Bank1 (298098, 29910, 393526, 82942.70) 261236.05(23)
Bank2 (92625, 9483, 126883.32, 22654) 36848.34(14)
Bank3 (191111.01, 19295, 256226.80, 50057.60) 50232.09(16)
Bank4 (8590, 18994.05, 19599.12, 26711.93) 164.57(3)
Bank5 (304, 332, 2533.81, 95.63) 251.57(6)
Bank6 (51690.34, 11256, 83485, 5084.05) 12436.69(9)
Bank7 (215019.11, 84236, 353647.50, 34521.80) 77623.10(21)
Bank8 (38002, 4194, 59815.02, 2981.80) 249.63(5)
Bank9 (146602, 67704, 255453, 17055.92) 51123.72(17)
Bank10 (74766, 8493, 107709.30, 14024.87) 47420.00(15)
Bank11 (446217, 245631, 798033, 54946) 0(1)
Bank12 (227020, 25120, 304722.60, 60267.70) 79599.94(22)
Bank13 (311897.62, 31370, 411211.11, 87155) 165.33(4)
Bank14 (27210, 12199, 47057.02, 10072) 5795.74 (8)
Bank15 (219280.22, 80743, 354939.10, 37263.80) 75197.71(20)
Bank16 (420366.55, 133340.83, 464274.06, 93102) 26.62(2)
Bank17 (102246.71, 20402, 150502.50, 23277) 29463.83(12)
Bank18 (5570.40, 5554, 12312, 4948.18) 71541.24(19)
Bank19 (171544, 24667.77, 157520.53, 61413) 819.75(7)
Bank20 (42548, 16028, 73187.90, 5517) 12774.68(10)
Bank21 (352974.42, 147888, 583983.20, 58651.34) 61503.30(18)
Bank22 (53403.79, 7912, 81935.70, 6895.97) 33786.99(13)
Bank23 (31309, 15465, 55649.70, 7951) 16150.31(11)

end, let P denote the set of 15 SBM-inefficient units considered as potential merger candidates for Bank
1. We define M1,t as the merged entity formed by combining Bank 1 with Bank t (where t ∈ P ). By
incorporating these hypothetical merged entities (M1,t) into PPS(V RS) and applying the novel method
presented in Subsection 2.2, we rank all potential combinations based on the objective function Π(X, Y )

and their euclidean distances (norm 2) from the desirable benchmarks. The comprehensive results are
presented in Table 5.

Table 5. The best major merger partner for Bank 1

Major Distance Best Major Distance Best Major Distance Best
M1,12 0.0 Bank12 M1,14 262140.93 ... M1,10 292654.70 ...
M1,21 0.0 Bank21 M1,20 267855.81 ... M1,18 317843.84 ...
M1,3 3.18× 10−9 ... M1,23 268291.51 ... M1,17 345114.65 ...
M1,6 270429.59 ... M1,22 281275.14 ... M1,9 361670.68 ...
M1,2 362758.18 ... M1,15 381117.02 ... M1,7 383402.55 ...

According to Table 5, since the distance of both M1,12 and M1,21 from their respective desirable banks
is zero, these merged entities are not only desirable but also Pareto-efficient. Consequently, Banks 12
and 21 are identified as the best partners for a merger with Bank 1. Furthermore, given that the distance
associated with M1,3 is negligible, Bank 3 can also be considered a viable candidate for merging with
Bank 1.

In contrast, for all other potential mergers where t ̸= 3, 12, 21, the distance between the resulting
entity M1,t and its desirable benchmark is excessively large, rendering them inefficient. Thus, based
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on the proposed models (6) and (11), we successfully identify Pareto-efficient desirable banks through
M&A for Bank 1, while excluding the inefficient combinations involving M1,t (where t ̸= 3, 12, 21). To
conduct a more detailed analysis, in the following section, we specifically apply model (6) to examine
the merger between Bank 1 and Bank 18; the analytical procedure for other banks remains identical.

4.3. Analyzing horizontal merger of Banks 1 and 18

As indicated in Table 5, a desirable bank cannot be directly obtained from the primary merger of Banks
1 and 18. However, in this section, leveraging model (6) and the objective function Π(X, Y ), we demon-
strate how a desirable bank can be achieved through a horizontal merger between these two institutions.
To apply model (7), necessary lower and upper bounds are established as follows: θ1 ∈ [0.536938, 1],
θ2 ∈ [0.88674, 1], φ1 ∈ [1, 1.55448], and φ2 ∈ [1, 13.1003]. We define the predetermined efficiency lev-
els for each input and output in the first column of Table 6. Consequently, Table 6 presents the minimum
required inputs and maximum achievable outputs for the merged entity of Bank 1 and Bank 18. Let α∗

1j ,
α∗
2j , β

∗
1j , and β∗

2j denote the optimal quantities of inputs and outputs for the merged Banks 1 and 18,
respectively.

Table 6. Optimal input and output of Banks 1 and 18 after horizontal merger for two cases

Inputs/outputs ratios Optimal inputs and outputs New bank Efficiency of new bank
Case 1

θ1 = 1, θ2 = 1 α∗
11 = 237315, α∗

118 = 76995 Input = (314310, 35264)
Output = (418326, 86555.9) Φ = 1

φ1 = 1, φ2 = 1 α∗
21 = 29810, α∗

218 = 5454
β∗
11 = 405914, β∗

118 = 12412
β∗
21 = 5786, β∗

218 = 80769.9
Case 2

θ1 = 0.8, θ2 = 0.9 α∗
11 = 212710, α∗

118 = 76995 Input = (289705, 35264)
Output = (264473, 39651.8) Φ = 0.63

φ1 = 1.2, φ2 = 1.5 α∗
21 = 29810, α∗

218 = 5454
β∗
11 = 252061, β∗

118 = 12412
β∗
21 = 5786, β∗

218 = 33865.8

In the first scenario, it is assumed that the efficiency of the newly formed bank equals unity (θ1 =

θ2 = φ1 = φ2 = 1). Consequently, the resulting entity is deemed desirable and Pareto-efficient with
respect to the objective function Π(X, Y ), as corroborated by Corollary 1. As illustrated in the first sec-
tion of Table 6, the inputs and outputs for this new bank are (314, 310, 35, 264) and (418, 326, 86, 555.9),
respectively. Notably, the efficiency of this merged entity exceeds that of both Bank 1 and Bank 18 in-
dividually. Furthermore, when compared to the existing merger candidate M1,18, the proposed solution
exhibits a lower value for the first input while simultaneously achieving higher output levels, demonstrat-
ing a superior and highly favorable performance profile.
In the second section of Table 6, in contrast to the first scenario, the predetermined efficiencies θ1 and
θ2 are set to values less than unity, while the efficiency levels φ1 and φ2 are configured to exceed 1.
Consequently, a new bank is generated with inputs (289, 705, 35, 264) and outputs (264, 473, 39, 651.8).
According to Remark 4, its efficiency score is calculated as Φ = 0.63, which surpasses the efficiency
scores of both Bank 1 and Bank 18 individually. Furthermore, when compared to the existing merger
candidate M1,18, this solution demonstrates a reduction in the first input and an increase in the second
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output, while maintaining identical values for all other inputs and outputs. This configuration represents
a highly favorable trade-off. Finally, by selecting alternative predetermined efficiency levels, various
merged units with distinct efficiency scores can be derived using the same methodology.

4.4. Analyzing acquisition of Bank 18 by Bank 1

In the subsequent analysis, we consider a scenario where Bank 1 acts as the acquirer of all or part of
Bank 18. If Bank 1 acquires 100% of Bank 18-effectively aggregating the inputs and outputs of both
entities-the resulting entity, denoted as M1,18, is restructured with inputs (580, 711, 35, 264) and out-
puts (264, 473, 66, 530). As indicated in Table 5, based on the objective function Π(X, Y ), the distance
between this aggregated bank (M1,18) and its desirable benchmark is substantial.

To address this inefficiency, we apply model (11) to merge Banks 1 and 18, ensuring that all inputs and
outputs of Bank 1 are utilized. The results of this optimization are presented in Table 7. As established
in the previous section, the lower bounds for θi and upper bounds for φr are derived by solving model
(7), yielding:

θ1 ∈ [0.536938, 1], θ2 ∈ [0.88674, 1], φ1 ∈ [1, 1.55448], φ2 ∈ [1, 13.1003].

The first section of Table 7 details the specific inputs and outputs of Bank 18 that must be acquired by
Bank 1 to achieve a Pareto-desirable state. In the second section, by varying the parameters θi (i = 1, 2)
and φr (r = 1, 2), we determine the optimal acquisition profile. This process yields a new merged bank
with an efficiency score of 0.45, which significantly surpasses the individual scores of Bank 1 (0.0999)
and Bank 18 (0.0743). This acquisition effectively consolidates two inefficient units into a single, more
efficient entity. Furthermore, compared to the original aggregated bank M1,18, the optimized solution
exhibits a reduced volume of the first input and an increased volume of the second output, demonstrating
a highly favorable performance improvement.

Table 7. Optimal input and output of Bank 18 after acquisition by Bank 1

Inputs/outputs ratios Optimal inputs and outputs New bank (Input / Output) Efficient score
θ1 = 1, θ2 = 1 α∗

118 = 0, α∗
218 = 5454 Input = (503716, 35264)

Output = (418326, 86555.9) Φ = 1
φ1 = 1, φ2 = 1 β∗

118 = 166265, β∗
218 = 80769.9

θ1 = 0.6, θ2 = 0.9 α∗
118 = 0, α∗

218 = 5454 Input = (503716, 35264)
Output = (307953.9, 41847) Φ = 0.45

φ1 = 1.3, φ2 = 2 β∗
118 = 55892.9, β∗

218 = 36061.0

4.5. Comparison with [16] and [2]

Two of the most popular models in the field of integration are the presented models by Gattoufi et al. [16]
and Amin et al. [2]. Here, we compare and explain some of the advantages of the proposed new method
(6) with them:
1. While models [16] and [2] may occasionally become infeasible [14] the proposed merger model is
feasible under all circumstances.
2. By applying the presented model (6), a new unit with the optimal inputs and outputs is obtained; while
in models of Gattoufi et al. [16] and Amin et al. [2] only inputs of new unit are optimized.
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3. The presented new model (6) is a non-radial model, and managers can manage the efficiency of all
inputs and outputs of the obtained new unit in the merger process, but in the two mentioned models,
managers can only manage the efficiency of inputs or outputs of the obtained new unit from the merger
as radial. This causes in our model, a new unit with a non-radial efficiency score, and in [16] and [2] a
new unit with a radial efficiency score is obtained.
4. In the studies by Gattoufi et al. [16] and Amin et al. [2], the optimization goal is limited to either
input reduction or cost minimization, respectively. In contrast, the proposed merger model (6) offers a
generalized framework where decision-makers can achieve a desirable unit based on any specific objec-
tive they set. Consequently, the presented model encompasses the methodologies of both Gattoufi et al.
and Amin et al. as special cases. For instance, under identical conditions involving the merger of Banks
1 and 18, the results obtained using methods [16] and [2] are fully replicated by our proposed model (6),
as demonstrated in Table 8. This confirms that the new model not only covers the previous approaches
but also provides greater flexibility for diverse managerial goals.

Table 8. Comparison with [16] and [2]

Model Target Conditions New bank (Input / Output) Efficiency score
[16] Efficiency 1 θ = 1 Input = (197537, 19927) Φ = 1

Output = (264473, 6653)

[2] Reduction of costs c1 = 1, c2 = 1 Input = (197537, 19927) Φ = 1
C = 1 Output = (264473, 6653)

Model (6) Efficiency 1 Π(X,Y ) =
2∑

i=1

xi Input = (197537, 19927) Φ = 1

and reduction of costs θ1 = 1, θ2 = 1 Output = (264473, 6653)
φ1 = 1, φ2 = 1

As illustrated in Table 8, when the criteria are limited solely to cost reduction and the efficiency
score of the new unit, the proposed model (6) successfully achieves this outcome independently, whereas
methods [16] and [2] fail to do so. In this specific scenario, all three models yield a merged unit with
identical inputs and outputs and an efficiency score of one. Furthermore, as demonstrated in Table 6,
the proposed model (6) grants decision-makers the flexibility to adjust predetermined efficiency levels
for individual inputs and outputs and manage their respective efficiencies. In contrast, the methods by
Gattoufi et al. and Amin et al. do not offer this capability. Moreover, while the aforementioned methods
optimize either inputs or outputs exclusively, the proposed model (6) simultaneously optimizes both.
Consequently, the presented model encompasses the methodologies of Gattoufi et al. [16] and Amin et
al. [2] as special cases; it not only replicates their results under identical conditions (as shown in Table 8
for Banks 1 and 18) but also extends their capabilities to handle diverse managerial goals.1

1All Calculations in this paper were done using MATLAB 2017 software.
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5. Conclusion

A common strategy employed by managers to rescue inefficient units within the PPS involves the strategic
consolidation of two or more inefficient entities into a single new unit. However, it is important to note
that such a merger does not guarantee an efficiency score for the resulting entity that exceeds that of the
individual merged units.

In this paper, we first propose a novel approach to identify the corresponding desirable target unit
for each DMU, grounded in the specific targets set by decision-makers. Based on these targets, all units
are ranked according to their distance from their respective desirable benchmarks. Subsequently, we
introduce a new method designed to identify the best partner for mergers or acquisitions involving a
specified unit. Finally, we present advanced models for horizontal mergers and acquisitions that are
driven by decision-maker preferences; in this framework, managers play a pivotal role in defining the
target values for each input and output indicator of the merged entity to achieve the desired state.

The proposed models offer several significant advantages over existing approaches:

1. Target-Oriented Merger: Unlike previous models, this framework allows for the construction of
a desirable merged unit that strictly aligns with the specific targets and preferences of decision-
makers.

2. Linearity and Non-Radiality: The models are formulated as linear programming problems while
maintaining non-radial properties. This flexibility enables managers to incorporate their expert
opinions into the determination of individual inputs and outputs for the new merged entity.

3. Dual Orientation: The models are simultaneously input- and output-oriented. This dual nature
ensures that both the optimal reduction of inputs and the maximization of outputs for the merged
units are achieved concurrently.

Despite the contributions of this study, certain limitations should be acknowledged, which also suggest
promising avenues for future research. First, the current models assume a black-box structure; however,
extending these frameworks to analyze network structures within banks could provide deeper insights
into their internal efficiency. Second, the models rely on crisp data. Future studies could explore the
integration of negative, interval, and fuzzy data to better reflect the uncertainty and volatility often present
in financial environments. These extensions would significantly enhance the robustness and applicability
of merger analysis in diverse contexts.

Acknowledgement
The authors are grateful to the editor and the reviewers for their valuable comments and suggestions, which significantly

improved the quality of this manuscript.

Funding
This research received no specific grant from any funding agency.



Acc
ep

ted
man

us
cri

pt

22 H. Rostamzadeh and A. Fakharzadeh J

References

[1] Al-Sharkas, A., Hassan, M., and Lawrence, S. The impact of mergers and acquisitions on the efficiency of the us banking
industry: further evidence. Journal of Business Finance & Accounting 35, 1&2 (2008), 50–70.

[2] Amin, G., and Boamah, M. A new inverse dea cost efficiency model for estimating potential merger gains: a case of canadian
banks. Annals of Operations Research 295 (2020), 21–36.

[3] Amin, G., Emrouznejad, A., and Gattoufi, S. Minor and major consolidations in inverse dea: Definition and determination.
Computers & Industrial Engineering 103 (2017), 193–200.

[4] Andersen, P., and Petersen, N. A procedure for ranking efficient units in data envelopment analysis. Management Science
39 (1993), 1261–1264.

[5] Banker, R., Chang, H., and Zheng, Z. On the use of super-efficiency procedures for ranking efficient units and identifying
outliers. Annals of Operations Research 250 (2017), 21–35.

[6] Banker, R., Charnes, A., and Cooper, W. Some models for estimating technical and scale inefficiencies in data envelop-
ment analysis. Management Science 30, 9 (1984), 1078–1092.

[7] Blancard, S., Boussemart, J., Chavas, J., and Leleu, H. Potential gains from specialization and diversification further
to the reorganization of activities. Omega 63 (2016), 60–68.

[8] Bogetoft, P., and Wang, D. Estimating the potential gains from mergers. Journal of Productivity Analysis 23 (2005),
145–171.

[9] Chang, T., Lin, J., and Ouenniche, J. Dea-based nash bargaining approach to merger target selection. European Journal of
Operational Research 305, 2 (2023), 930–945.

[10] Charnes, A., Cooper, W., and Rhodes, E. Measuring the efficiency of decision-making units. European Journal of
Operational Research 2, 6 (1978), 429–444.

[11] Cherian, J., and Jarrow, R. Chapter 20 market manipulation. In Handbooks in Operations Research and Management
Science, R. Jarrow, V. Maksimovic, and W. Ziemba, Eds., vol. 9. Elsevier, 1995, pp. 611–630.

[12] Cooper, W., Seiford, M., and Tone, K. Data envelopment analysis: A comprehensive text with models, applications,
references and DEA-solver software. Springer Science & Business Media, 2007.

[13] Fakharzadeh Jahromi, A., and Rostamzadeh, H. New multiplicative models to evaluate and merge units in data envelop-
ment analysis. nterdisciplinary Journal of Management Studies (2026). online publish, doi: 10.22059/ijms.2026.379907.676905.

[14] Fakharzadeh Jahromi, A., and Rostamzadeh, H. New non-radial models for merger and acquisition to achieve strong
efficiency and mpss without changing in the efficient frontier. Journal of Mathematical Modelling 14, 1 (2026), 35–55.

[15] Fakharzadeh Jahromi, A., Rostamzadeh, H., and Mojtabaei, M. Designing and evaluating an optimal budget plan
for parallel network systems through dea methodology. Journal of Mathematical Modelling 11, 4 (2023), 665–680.

[16] Gattoufi, S., Amin, G., and Emrouznejad, A. A new inverse dea method for merging banks. IMA Journal of Management
Mathematics 25 (2014), 73–87.

[17] Gaughan, P. Maximizing corporate value through mergers and acquisitions: A strategic growth guide. John Wiley & Sons, 2013.
[18] Gkouvitsos, I., and Giannikos, I. Using a macbeth based multi criteria approach for virtual weight restrictions in each stage

of a dea multi?stage ranking process. Operational Research 24 (2021), 1787–1811.
[19] Glasserman, P., and Young, H. Contagion in financial network. Journal of Economic Literature 54, 3 (2016), 779–831.
[20] Hammami, H., Ngo, T., Tripe, D., et al. Ranking with a euclidean common set of weights in data envelopment analysis:

with application to the eurozone banking sector. Annals of Operations Research 311 (2022), 675–694.
[21] Institute, I. B. Banks performance report, 2022. Accessed 20 July 2022.
[22] Izadikhah, M., and Farzipoor Saen, R. Ranking sustainable suppliers by context-dependent data envelopment analysis.

Operational Research 293 (2020), 607–637.
[23] Jackson, M., and Pernoud, A. Systemic risk in financial networks: A survey. Annual Review of Economics (2021).
[24] Jahanshahloo, G., Hosseinzadeh Lotfi, F., Shoja, N., Tohidi, G., and Razavian, S. Ranking by using l1 norm

in data envelopment analysis. Applied Mathematics and Computation 153, 1 (2004), 215–224.
[25] Khoveyni, M., and Eslami, R. Merging two-stage series network structures: A dea-based approach. OR Spectrum 44 (2022),

273–302.
[26] Lozano, S. Using dea to find the best partner for a horizontal cooperation. Computers & Industrial Engineering 66, 2 (2013),

286–292.
[27] Lozano, S., and Contreras, L. Size efficiency, splits and merger gains, and centralized resource reallocation of spanish public

universities. Socio-Economic Planning Sciences 81 (2022), 101–190.
[28] Lozano, S., and Villa, G. Dea-based pre-merger planning tool. Journal of the Operational Research Society 61, 10 (2010).
[29] Mehrabian, S., Alirezaei, M., and Jahanshahloo, G. A complete efficiency ranking of decision-making units: an

application to the teacher training university. Computers & Optimization Applications 14, 2 (1998), 261–266.
[30] Nasseri, S., and Kiaei, H. Ranking of efficient units on the basis of distance from virtual ideal and anti-ideal units. International

Journal of Applied Decision Sciences 12, 4 (2019), 361–374.
[31] Pyra, M., and Siedlecka, A. Potential benefits from university mergers: an attempt to evaluate future efficiency levels with a

selected dea model. European Research Studies Journal 25, 2 (2022), 665–683.
[32] Saati, S., Zarafat, M., Memariani, A., and Jahanshahloo, G. A model for ranking decision-making units in data

envelopment analysis. Ricerche di Economia 31 (2001), 47–59.



Acc
ep

ted
man

us
cri

pt

Ranking and merging units... 23

[33] Sexton, T., Silkman, R., and Hogan, A. Data envelopment analysis: critique and extensions. In Measuring Efficiency: an
Assessment of Data Envelopment Analysis, R. Silkman, Ed. Jossey-Bass, San Francisco, 1986.

[34] Soltanifar, M., Ghiyasi, M., Emrouznejad, A., and Sharafi, H. A novel model for merger analysis and target setting:
A csw-inverse dea approach. Expert Systems with Applications 249, Part A (2024), 123–326.

[35] Soltanifar, M., Ghiyasi, M., and Sharaf, H. Inverse dea-r models for merger analysis with negative data. IMA Journal of
Management Mathematics (2022), 1–20.

[36] Wu, J., An, Q., and Liang, L. Mergers and acquisitions based on dea approach. International Journal of Applied Management
Science 3, 3 (2011), 227–240.

[37] Xiao, S., Li, Y., Emrouznejad, A., Xie, J., and Liang, L. Estimation of potential gains from bank mergers: A novel
two-stage cost efficiency dea model. Journal of the Operational Research Society 68, 9 (2017), 1045–1055.

[38] Zhu, Q., Li, X., Li, F., and Amirteimoori, A. Data-driven approach to find the best partner for merger and acquisitions in
banking industry. Industrial Management & Data Systems 121, 4 (2021), 879–893.


	Introduction and backgrounds
	Ranking based on desirable units
	Desirable unit of an inefficient unit
	 Ranking DMUs based on corresponding desirable units
	Best partner for merger by the new ranking 

	Merger to reach the desirable unit 
	Reaching the desirable unit by acquisition

	Ranking and M&A of Iranian banks using the presented models
	Ranking banks
	Identifying the best merger partner for Bank 1
	Analyzing horizontal merger of Banks 1 and 18
	Analyzing acquisition of Bank 18 by Bank 1
	Comparison with GattoufiAminEmrouznejad2014 and AminBoamah2020

	Conclusion

