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Abstract

Capacitated Clustering Problem (CCP) assigns objects to capacitated clusters. Among various CCPs, this work focuses on
the capacitated P -median problem (CPMP). Imposing a strict capacity on each cluster, often leads to inefficient overlap for
geographical data, which significantly diminish efficiency. We propose a four-stage clustering algorithm, applying convex
polygon boundary perturbation to minimize overlap while satisfying capacity constraints. Necessitating a fixed number of
clusters in many applications introduces a challenge in meeting capacity constraint. While most methods open a new cluster
for points left unassigned, this paper designs a placement algorithm without allowing new clusters. The proposed algorithm
demonstrates superior performance compared to three state-of-the-art approaches on specific instances, achieves similar per-
formance on others, with some results reaching optimality. A novel metric is introduced to compare different methods on the
same benchmarks.

Keywords: Distributed network problems, Capacitated clustering, Capacitated P -median problem, Convex polygon

1. Introduction

In recent decades, Distributed Network Problems (DNPs) have become a major focus in combinatorial
optimization, driven by their broad applications in the service and production sectors. Consequently,
the development of effective algorithms for DNPs is a critical research area. A prominent subset of
these problems, identified in [7], involves clustering geographically distributed nodes into capacitated or
uncapacitated groups, such as in the P -Median Problem (PMP) and its capacitated variant (CPMP).
Approaches to address various forms of capacitated clustering problem in DNP typically fall into three
categories: exact methods for solving mathematical models, heuristics and matheuristic methods. In
exact methods for solving mathematical models, clustering and subsequent step (according to the type
of the problem, the next step might be finding medians, routing, etc.) are performed simultaneously.
In contrast, heuristic and matheuristic approaches are sequential, where the performance of each step is
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contingent on the quality of the previous one. Because exact mathematical models often struggle with the
scale of real-world instances, heuristic methods are essential for finding practical and efficient solutions.

As this paper proposes a new clustering method that meets capacity constraint and as it is applicable
for all variations of CCP, our focus centers on researches related to CCP. However, since the test instances
are from CPMP libraries, we will formally define it in the next section.The CCP, first introduced by [24],
is an NP-hard discrete clustering problem. The goal is to select exactly P centers from a candidate set
to form clusters, each constrained by a maximum capacity, to serve a set of customers with known de-
mands. According to [28], the CPMP is a special case of the CCP in which the capacity constraint for all
clusters are homogeneous and the coefficients of the objective function are distances. Moreover, the set
of candidate centers is identical to the set of customer points, whereas in the general CCP, these sets can
be different. A comprehensive survey of other CCP variants can be found in [31].

Exact methods based on the mathematical models of CCP, include column generation [20], and branch
and cut algorithms, [6, 12]. A recent survey in [27] reviews several mathematical models for the CCP,
categorizing them by their applications and solution methods. We do not elaborate these methods, since
the proposed method of this paper is based on a heuristic manner.

In contrast, heuristic methods for the CCP typically involve three key steps: clustering, cluster modi-
fication, and solution improvement. One of the earliest hierarchical clustering methods was proposed in
[33], and a broader classification of clustering algorithms can be found in [7], which groups them into
hierarchical, iterative partitioning, graph-based, nearest neighbor, and density-based methods. Although
these general-purpose clustering methods are well-established, they typically do not account for capac-
ity constraints, which are essential in problems like the CPMP. Consequently, applying them directly
can leave some points unassigned, making a subsequent clustering modification step crucial. Two main
strategies exist for this modification:

• Adding a New Cluster for Unassigned Points: A prevalent strategy for handling points left unas-
signed by initial clustering is to group them into a new, additional cluster. While simple to im-
plement, it has two significant drawbacks: it violates the common constraint of a fixed number of
clusters (p), and it can substantially degrade the overall solution quality by increasing the objec-
tive function value. This strategy is found across various heuristic methods in the literature. For
example, the seminal two-phase heuristic by [24] adds a new cluster to accommodate any leftover
points after the assignment phase. Similarly, algorithms for related problems, such as the Variable
Neighborhood Search for the CCCP [28] and a greedy method for the capacitated location-routing
problem [25], also resort to opening new clusters when capacity is exhausted. In a different context,
the improved K-means algorithm in [13] may determine a final number of clusters that exceeds the
predefined target, effectively creating an unplanned cluster. In all these cases, feasibility is achieved
at the cost of violating a primary problem constraint.

• Regret Function: This strategy involves moving points between existing clusters, guided by a regret
function, to create sufficient capacity for unassigned points. A clustering method for the location-
routing problem provided in [4] illustrates a hybrid approach. Initially, points are clustered without
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capacity limits. Then, a proximity measure is used to identify possible moves between clusters to
resolve capacity violations. However, if the capacity constraints are still not met, the method resorts
to opening a new cluster. More recently, a two-phase heuristic for large-scale CCPs was proposed
in [8]. This work introduces an algorithm to convert an uncapacitated solution to a capacitated one
by defining several regret functions to guide the necessary moves between clusters.

Each strategy presents a trade-off. Adding a new cluster is simple but violates the fixed-cluster-count
constraint and can degrade solution quality. Conversely, reallocating points with a regret function pre-
serves the cluster count but is computationally more intensive and may fail to place all points. This paper
proposes a novel uncapacitated-to-capacitated algorithm for the CPMP that addresses these limitations.
While a formal proof of completeness is not provided, our method successfully assigned all points across
all benchmark instances tested.

A key challenge that arises during point reallocation is the creation of spatially overlapping clusters,
defined here as the intersection of the clusters’ convex hulls. Such overlaps degrade both the solution’s
objective value and its practical interpretability. The primary motivation for focusing on cluster overlap
in this paper stems from real-world applications where geographically distributed points are grouped
to define service regions. Examples include district zoning for waste collection vehicles or demand-
point clustering for network-based service provision. In such contexts, geographical overlap between
assigned zones can fundamentally undermine the purpose of regional partitioning. Therefore, we place
particular emphasis on minimizing – or ideally eliminating – overlap between clusters. To mitigate
this, we introduce a third stage to our algorithm designed specifically to improve cluster structure and
minimize overlap. Furthermore, because our initial clustering method is based on constructing convex
polygons, the propensity for overlap is inherently reduced from the outset.

It is important to distinguish our work from the Convex Clustering Problem. The goal of convex
clustering is to partition data such that each resulting cluster is itself a convex set [16]. Moreover, a dual
reformulation for the problem is devised in [30]. In contrast, the CCP does not impose this structural
requirement. While our algorithm’s initial phase naturally forms convex clusters, these may be altered
and lose their convexity during subsequent capacity-driven modifications.

Several metaheuristic methods have been proposed for CCP, [29], [10], [14], [26] and [23]. A genetic
algorithm with local search in which all parameters are controlled on-line is devised in [9]. A method
based on neural network is proposed in [11] to solve neural clustering problem. They implement their
method on the capacitated vehicle routing problem. See [22] for a comprehensive review of heuristic
methods for the P -median problem.

As the performance of computers and mathematical programming techniques improve, a new class of
algorithms called matheuristics has developed. Simultaneously, with the growth of Mixed Integer Pro-
gramming (MIP) solvers, these methods managed to solve large amount of combinatorial optimization.
Authors in [32] propose a matheuristic approach based on local search and MIP techniques for CPMP.
A matheuristic based on cutting-plane neighborhood structure and Tabu search for CPMP is provided in
[34]. Authors in [21] provide a model based method for CCP. A matheuristic based on the K-means al-
gorithm is suggested in [5]. Recently, a matheuristic along with a new decomposition strategy for CPMP
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has been suggested, [15]. Also, a new version of CCP has been defined, in which customers have differ-
ent types of services, [2]. They provide a matheuristic based on the GRASP in [1] and a size-reduction
method to solve the multi-CCP. Authors in [18] apply integer programming techniques to find the loca-
tions of medians and a variable neighborhood search based algorithm for customer assignment phase.

The novelty of this paper is threefold. First, it introduces a method that not only emphasizes cluster-
ing optimality, but also explicitly minimizes overlap between clusters. In essence, the proposed approach
employs convex polygons to separate clusters from each other as much as possible. Second, after the
initial clustering of points, unlike previous methods, the algorithm does not open a new cluster to ac-
commodate unassigned points. Instead, it first applies a boundary perturbation to adjust cluster borders,
thereby freeing capacity, and then relocates the unassigned points within the existing clusters. Third, it
provides a comparative analysis of two regret functions, demonstrating that different allocation policies
are optimal in constrained versus unconstrained clustering stages.

The remainder of this paper is organized as follows. Section 2 formally defines the CPMP and presents
its mathematical formulation. Section 3 details our proposed algorithm. The computational complexity
is analyzed in Section 4. Section 5 presents numerical results and a parameter analysis. Finally, Section
6 concludes the paper and outlines directions for future research.

2. Problem statement

The Capacitated P -Median Problem is defined on an undirected complete graph G = (V,A), where
V = {1, . . . , n} is the set of nodes. Each node i ∈ V is is associated with a non-negative integer demand
qi. Integers Q and p are also given as the limited capacity of each cluster and the number of clusters,
respectively. The goal is to choose a subset µ of V including p points as medians to attribute all n − p

remaining nodes to just one median in a way that the sum of distances of all non-median (customer)
points to their median is minimized, while the sum of demands of all points in each cluster do not exceed
Q. Figure 1 illustrates a sample of CPMP with its optimal solution.

Figure 1. A sample for CPMP, [15]

According to [19], the CPMP can be formulated as follows:
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Table 1. Table of Symbols

Notation Definition
i index of customer points, i = 1, 2, · · · , n.
j index of medians j = 1, 2, · · · , p.
cj the median of the jth cluster.
qi demand of point i.
Q the limited capacity of each cluster.
Cap(j) the fulfilled capacity of cluster j.
D Euclidean distance matrix, Dij is the Euclidean distance between points i and j.
DQ Distance/demand matrix.
X ⊂ V Set of customer points.
µ ⊂ V Set of medians, (V = X ∪ µ).

min
∑
i∈V

∑
j∈V

Dijxij (1)

s.t.
∑
j∈V

xij = 1, i ∈ V, (2)∑
j∈V

xjj = p, (3)∑
i∈V

xijqi ≤ Qxjj, j ∈ V, (4)

xij ∈ {0, 1}, i, j ∈ V, (5)

where Dij is the Euclidean distance between points i and j. The binary decision variable xij equals
1 if point i ∈ V is assigned to median j, and 0, otherwise. Hence, xjj = 1 indicates that point j ∈ V

is selected as the median. The objective function (1) minimizes the total traversed distance. Constraints
(2) guarantee that each point is assigned to exactly one median. Constraint (3) enforces the selection
of exactly p medians, and constraints (4) control the capacity limitation, preventing the assignment of
customers to non-median points. Finally, constraints (5) provide binary condition.

Table 1 introduces the symbols used throughout this paper.

3. Capacitated Clustering by Polygon Perturbation (CCPP)

This section describes the proposed capacitated clustering method called Capacitated Clustering by
Polygon Perturbation (CCPP). CCPP is a four-stage heuristic designed to generate high-quality, non-
overlapping capacitated clusters. The stages are as follows:

1. Median Initialization (Section 3.1): Initial medians are selected using a classical clustering algo-
rithm applied to a modified distance matrix, which integrates both the spatial distance and the de-
mand of each point.

2. Convex Polygon Clustering (Section 3.2): Points are assigned to the initial medians by constructing
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non-overlapping convex polygons. This core step ensures clusters are spatially compact and distinct.

3. Placement of Unassigned Points (Section 3.3): Any points that could not be assigned in the previous
step due to capacity limits or polygon constraints (termed left points) are placed into existing clusters
by systematically perturbing the cluster boundaries.

4. Solution Refinement (Section 3.4): A final improvement stage is applied to the complete clustering
solution to further optimize the objective function value.

Figure 2 provides a schematic overview of the entire CCPP algorithm.

Figure 2. Work flow diagram of the whole algorithm

3.1. Modified Median Determination Algorithm (MMDA)

To ascertain the set of medians µ, a modified classical clustering approach is employed. In this process,
the points clustered at this stage are disregarded in subsequent steps, and only medians are applied. Typ-
ically, the initial step of clustering involves selecting p points as initial medians. Various methodologies
exist for this purpose. Authors in [1] introduce the notion of density as the weighted sum of points close
to them. They advocate for the selection of high-density points as initial medians rather than a random
initiation. In this paper, the Kmeans++ method in [3] is implemented in step (i), incorporating a blend
of randomness and density. In this method, first, a points is randomly selected as the median of the first
cluster. The jth median, i.e. cj, j = 2, . . . , n, is selected with the following probability
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P (cj = i) =
DN(i)2∑

k∈V \µDN(k)2
, (6)

where DN(i) is the distance between point i and its nearest median found so far.

The following steps describe MMDA.

(i) Choosing initial medians by Kmeans++ method,

(ii) Assigning customers to medians based on a regret function,

(iii) Updating medians.

Steps (ii) and (iii) are iteratively repeated until medians remain unchanged over two consecutive steps.
This is the classical stopping criteria of K-means based methods, which was also applied in MMDA.
In classical methods, the regret function in step (ii) relies on the distance matrix, regardless of cluster
capacities, which does not lead to efficient µ.The efficiency of set µ hinges on the placement of medians
precisely at the center of points relative to their demands, rather than merely based on distances. To
enhance the algorithm’s efficacy, the distance matrix (D) is replaced with a distance/demand matrix
(DQ), accounting for demand. Incorporating demands imposes the algorithm to determine medians
close to high-demand points.

DQij = α
Dij −min(D)

max(D)−min(D)
+ β

qi −max(q)

min(q)−max(q)
(7)

where min(q), (max(q)) and min(D), (max(D)) are the minimum (maximum) values of vector q and
matrix D, respectively. In other words, distance/demand matrix DQ is defined as the normalized sum
of distance and demand, wherein parameters α and β signify the importance of distance and demand,
respectively, contingent on the decision maker and problem conditions. To summarize, Algorithm 1
outlines MMDA.

Input: Set of points V = {1, . . . , n}, demand vector q and distance/demand matrix DQ.
Output: Set of medians µ.
1: Determine the initial median set µ, by the K-means++ method.
2: while Medians remain unchanged do
3: Construct distance/demand matrix DQ by (7).
4: while all points are assigned do
5: Let r = argmini=1,2,...,n reg(i).
6: c = argminj∈µ(DQrj).
7: Assign customer r to cluster c
8: Let DQrj = ∞, for all j ∈ µ, to avoid reassigning point r.
9: end while

10: Update medians.
11: end while

Algorithm 1. Modified Median Determination Algorithm (MMDA)

In algorithm 1, reg(i) is a regret function assigning a value to each customer i. Two different regret
functions have been applied in this paper. The first, a classic function, wherein reg(i) denotes the distance
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to the closest median to customer i. The second, proposed in [24], is the difference of distance between
two closest medians to customer i.

regmin(i) = min
j
{DQij}, i = 1, . . . , n (8)

regMB(i) = DQij′ −DQij′′ , i = 1, . . . , n, (9)

where j′ is the column number of the lowest value in ith row of matrix DQ, and j′′ is the column
number of the second lowest value in row i. In Section 5, the choice between these two regret functions
is discussed. To improve the quality of the initial medians, we depart from the standard K-means median
update rule, which typically selects the point nearest a cluster’s geometric centroid. Instead, we update
the median by identifying the 1-median of the cluster: the point that minimizes the sum of distances to all
other points within that same cluster. This selection criterion is more robust and yields a superior initial
set of medians. The final p medians produced by Algorithm 1 serve as the initial medians, provide the
foundation for the convex polygon clustering phase detailed in the next section.

3.2. Convex Polygons Clustering Algorithm (CPCA)

This section details the assignment of customer points X to the set of medians µ identified by the MMDA.
The same distance/demand matrix represented by DQ is employed to prioritize assigning a distant point
from a median with high demand over a low-demand point at the same distance or slightly closer, con-
trolled by parameters α and β. Customer points are assigned sequentially based on this priority un-
til cluster capacities are approached. Consequently, some points may be left unassigned, necessitating
placement in the subsequent steps of the algorithm. The lower the demand of an unassigned point, the
easier it is to find a suitable location for its assignment.

The clusters are constructed while adhering to capacity constraints. To minimize overlap, the clusters
are configured as convex polygons, ensuring that their capacity does not surpass the prescribed limitation
and they are not overlapped. Similar to the previous step, the regret function for this stage offers two
choices, namely regmin and regMB (refer to Eq. 8), elaborated further in Section 5. Therefore, row r and
column c are selected in the same manner as MMDA, i.e. point r has the lowest regret value and median
c is the closest median to it. Point r is assigned to cluster c if two following conditions are met:

1. Assigning point r to cluster c is feasible, i.e. the capacity of cluster c does not exceed its limitation,

2. Assigning point r to cluster c does not result in overlapping clusters.

This process iterates until all points are considered. Therefore, CPCA stops when according to two
conditions explained above, all points are considered for assignment. If all points are assigned in this
step, the algorithm proceeds directly to the improvement phase in Section 3.4, Otherwise, the algorithm
continues to allocate the unassigned points using the method described in Subsection 3.3. At the end of
this step, a set of convex polygons representing clusters is established. The clusters generated thus far are
guaranteed to be non-overlapping and capacity-compliant. However, this strictness may result in a set
of residual points, denoted as Left, that could not be assigned without violating these constraints. The
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procedure for integrating these remaining points into the existing clusters is detailed in the subsequent
section.

3.3. Unassigned Point Placement Algorithm (UPPA)

This subsection describes the Unassigned Point Placement Algorithm (UPPA). At this stage, we have a
set of non-overlapping, capacity-compliant clusters in the form of convex polygons. However, there may
be points yet to be placed due to capacity or non-overlapping limitations. To accommodate these points,
the UPPA makes adjustments to the existing clusters. It is crucial to note that the non-overlapping con-
straint, which was strictly enforced until now, is relaxed at this stage. This relaxation becomes essential
to prevent the allocation of points from becoming infeasible. The initial enforcement of this constraint
was vital for establishing a high-quality initial cluster structure.

The UPPA begins by selecting a candidate point from the set Left to assign, along with a candidate
cluster to receive it. The point with the highest demand, denoted as p, is given the highest priority. To
find a candidate cluster for p, the algorithm first investigates if it is located within an existing polygon. If
so, an attempt is made to reassign boundary points from that cluster to its neighbors to create sufficient
capacity for p. If this is not feasible, or if p is not inside any polygon, the algorithm considers the set of
clusters closest to p (denoted as N ). If a cluster in N has enough capacity, p is assigned. Otherwise, the
algorithm initiates the Cluster Perturbation Process (CPP), which is’ detailed in Algorithm 2. The CPP
generates a list of feasible moves from clusters in N to other clusters, ranking them according to a regret
function. A schematic of the UPPA is depicted in Figure 3.
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Figure 3. Unassigned Point Placement Algorithm (UPPA)

Note that N is the set of K nearest clusters to point p. By K closest clusters, we mean K closest
medians.
According to UPPA in Figure 3, CCP is recalled when any polygon around the left point p is not empty
enough to accept it. In this stage CCP prepares a list of feasible moves in order to create a cluster
to include p. The priority for choosing the best move among all feasible moves created in step 15,
is determined by its Regret value. Performing any move changes three aspects: the capacity of the
Current and Neighbor clusters, and the overall objective function. Figure 4 clarifies this matter.

Figure 4. Swapping points Out and in between clusters Current and Neighbour
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Input: Candidate left point p and set of neighbor clusters N ,
Output: A cluster containing p without violating capacity constraint.
1: Initialize parameters ρ and K,
2: Let Tabu = ϕ.
3: Let N̄ = N
4: while N̄ ̸= ϕ do
5: Let h be the emptiest neighbor in N
6: Let Tabu = Tabu ∪ {h}
7: Move any boundary point of cluster h to one of the clusters in N \ Tabu. The goal cluster must be vacant enough. If

multiple moves are feasible, choose the one which reduces the whole objective function the most.
8: N̄ = N̄ \ {h}
9: end while

10: Add point p to the emptiest cluster in N , say H , neglecting its feasibility.
11: while there exists an infeasible cluster say H for which cap(H) ≰ Q do
12: Let Tabu = ϕ, Move = ϕ

13: for b ∈ boundary of H do
14: Let IN be the set of points not further than ρ to b and do not belong to H .
15: For any in ∈ IN , if swapping points b and in makes cluster H feasible, add row

η = [Current,Out,Neighbor, in,Regret] to table Move, if this move does not belong to Tabu, in which:

• Current = H , Out = b, Neighbor=the cluster containing point in;

• Regret =value of regret function in this move.

16: if no new row was added to table Move in the previous step then
17: Open a new cluster for p.
18: Go to step 25.
19: end if
20: end for
21: Find the row in table Move with lowest Regret and call it η,
22: Add row η to Tabu.
23: Implement row η, i.e. add point Out to cluster Neighbor and remove it from cluster Current, also add point in to

cluster Current and remove it from cluster Neighbor.
24: end while
25: Let Left = Left \ {p}

Algorithm 2. Cluster Perturbation Process (CPP)
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In other words, the move shown in Figure 4, induces the following changes:

cap(Current) = cap(Current)− qout + qin

cap(Neighbor) = cap(Neighbor)− qin + qout

objnew = objold −Dout,Current −Din,Neighbor +Din,Current +Dout,Neighbor

The first change is not important, since as it was explained in the algorithm, only moves that render
cluster H feasible are preserved in the Move table. The highest priority is related to the move(s) after
which the cluster Neighbor is also feasible. The reason is that the process of locating point p stops in
this point. But if the algorithm is supposed to be continued, it is clear that we should pick up the move
which has the best effect on objective function: reduces it the most or increases it the least. The Regret

value in Algorithm 2 takes these changes into account. It is defined as follows:

Regret =


objnew−minobj

maxobj−minobj
+

capNeighbor−mininfeas

maxinfeas−mininfeas
, r > Q,

−∞, r ≤ Q.
(10)

where r = capNeighbor − qin + qout represents the new capacity of cluster Neighbor after the intended
move. If the move renders cluster Neighbor feasible, the Regret value takes it’s lowest value, ∞, so this
move has the highest priority. On the other hand, if a move makes the cluster Neighbor infeasible, then
the value of Regret is equal to the normalized sum of the new value of objective function and the new
value of filled capacity of cluster Neighbor.

It is important to note that the term swapping does not necessarily imply that a point is exchanged
between clusters. Instead, it includes scenarios where a point, say out, transitions to a cluster, say
Neighbor, but due to its sufficient available capacity, no point exits the cluster. All calculations are
the same in this case except that we let qin = 0. The algorithm considers all types of moves, including
swaps and one-way transfers, when constructing the Move table.

It is worth noting at the end of this section that the UPPA terminates when all points in Lef —if
any—are assigned to existing clusters or when a new cluster is added at the CPP. However, the condition
in Step 16 never occurred in the numerical results section, which serves as evidence of the effectiveness
of the CPP.

3.4. Improving clusters

This final subsection assesses the potential improvement of the clusters before implementing them. The
process of improving the clusters involves the following steps for all non-median points i:

(i) Determine K nearest points to i but not in the same cluster.

(ii) Determine the clusters to which the K nearest neighbors belong, referred to as the set of neighbor
clusters NB.

(iii) List all possible moves where point i is transferred to clusters in NB and calculate the corresponding
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change in the objective value.

(iv) Identify the move in the list that results in the most decrease in the objective value, and implement
it if feasible (ensuring the capacity condition is met).

(v) Update medians.

It is notable that there may be instances where no move leads to a decrease in the objective value. In
such cases, no improvement is executed.

4. Computational complexity

The computational complexity of the proposed algorithm (CCPP) is derived from the steps outlined in
Figure 2. Initially, the computational complexity of the first step, MMDA (described in Algorithm 1 of
Subsection 3.1), is calculated. The determination of initial medians employs Kmeans++, which has a
complexity of O(np log p). Subsequently, a main loop runs for IT iterations until a stopping condition is
met. The complexity of each iteration is the sum of three components:

O(n2 log n2 + n2 + (np) log p+ n2 + n log n) = O(n2 log n)

, The term n2 log n2 + n2 accounts for calculating the distance/demand matrix, DQ. The term (np) log p

corresponds to the reg function. The term n2+n log n is associated with the median update step. Finally,
the computational complexity of the MMDA algorithm is equal to:

O(IT × n2 log n). (11)

Now, we consider the second step, CPCA, as described in Subsection 3.2. Initially, For each non-
median point i, computing the reg function has a complexity of O(np log p). Following that, the best
value of the reg function is selected in O(n log n). Subsequently, a polygon is constructed based on this
new assignment, ensuring non-overlapping with other polygons and adhering to the capacity constraint.

Convex hull algorithms from standard packages like CGAL and SciPy exhibit a time complexity of
O(h log h) for a given set of h points, where h ≈ n

p
1. Investigating overlap with other polygons costs

p − 1 steps. The entire procedure continues until all points are assigned or considered as Left points,
meaning the operations are iterated for all non-median points (n−p times). Finally, medians are updated
in O(n2 + n log n). In general, the assignment in convex polygons costs:

O((n− p)× (np log p+ n log n+ h log h+ p− 1) + n2 + n log n) = O(n3 log n). (12)

In the third step, the UPPA, outlined in Subsection 3.3, is used to assign left points. Figure 3 illustrates
the diagram of UPPA. Initially, the left point with the maximum demand is selected in O(L logL), where
L = |Left|. The subsequent steps are carried out for each left point:

1Available at: https://www.scipy.org/
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• Does the left point locate in a polygon? Authors in [17] provide an algorithm of O(log h) to inves-
tigate whether a given point locates inside a given polygon with h vertices or not. In the worst case
the number of vertices of the polygon is equal to the number of points of that cluster. As it was
mentioned earlier h ≈ n

p
. This investigation should be done for any existing p clusters, so this step

is of time complexity O(p log h).

• If the point does not locate inside any polygon, K closets neighbors of it, is found in O(n log n).

• Transferring boundary points between neighboring clusters to free up capacity costs O(h log h).

• In the worst-case scenario, if it is not even possible to free up capacity in neighbor cluster, the left
point is assigned to the emptiest neighbor, and clusters are made feasible through CPP in Algorithm
2. In this algorithm, the following steps are repeated at most T times:

1. List all neighbors in ρ radius of all boundary points of the intended cluster (at most h points).

2. Check the possibility of replacing the intended boundary point with all existing neighbors in
the list of the previous step.

3. Form the table of all possible moves, which takes O(hn log n).

Hence, the time complexity of the CPP algorithm is O(T × hn log h). Moreover, the third step
algorithm UPPA costs:

o(L× (p log h+ n log n+ h log h+ THN log n)) = o(LTn2 log n). (13)

The clusters are improved in Subsection 3.4. A movement is checked for any n−p non-median point.
Firstly, K closest neighbors are found in O(n log n), then the algorithm finds the cluster to which these K
found neighbors belong, which costs O(K×n). Verifying the feasibility of the related move takes O(K)

steps. Finally, medians are updated. As a result, the cluster improvement step is of time complexity:

o((n− p)× (n log p+ pn+ p) + n2 + n log n) = o(pn2). (14)

In conclusion, based on the relations 11 - 14, the computational complexity of the proposed algorithm
is equal to O(T × n3 log n). As mentioned earlier, T represents the required number of moves between
clusters to render them feasible. In the computer runs reported in Section 5, the relation T << n always
holds. Therefore, the computational complexity of the proposed algorithm is equal to o(n4 log n).

5. Numerical Results

This section evaluates the performance of the proposed CCPP algorithm on two standard benchmark sets
for the Capacitated p-Median Problem (CPMP). The first set of testproblems includes 20 instances shown
as p1 to p20, in [29]. These benchmark problems are available at http://people.brunel.ac.uk/ mastjjb/jeb.
The second testproblem, introduced in [19], includes 6 samples. To evaluate the algorithm’s performance,
we employ the relative error as a metric. The relative error is defined as follows:

Relative Error = 100× (obtained objective value)− (optimal objective value)
(optimal objective value)

(15)
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The experiments were implemented in MATLAB 2020 and executed on an Intel Core i7-4810MQ
processor under Windows 10.

5.1. Overview of Results

Across both benchmark sets, CCPP demonstrates competitive or superior performance compared to state-
of-the-art heuristics and matheuristics. On the first benchmark set [29], CCPP achieves the best-known
or optimal solution in 7 out of 20 instances, while remaining within 0.1% of the optimal in all but one
case. On the second benchmark set [19], although CCPP does not always reach the best-known objec-
tive values, it consistently provides solutions within 6% of the best-known results, often in significantly
shorter computation times. These results highlight CCPP’s balance between accuracy and efficiency.

To enable a systematic comparison between the proposed CCPP algorithm and other methods across
various benchmarks, this paper introduces a novel concept for evaluating any two algorithms on a single
problem instance based on specific criteria.

Definition 1. Problem P and instance I of it are given. If algorithms A and B are solving instance I

of problem P and a criteria c (such as time, objective value, etc.) has been reported, then algorithm A is
said to dominate algorithm B in criteria c of sample I , if and only if the reported value for criteria c of
A is better than the same reported value of B in all samples of I . This is shown by B⊴c

I A.

5.2. Methodological Considerations

In this section, we outline the methodological choices that underpin our analysis. We explain the rationale
behind the selection of key parameters, the normalization strategies employed, and the choice of random
seed. All experiments and results presented in the following tables and figures are conducted across
all instances of both test sets. Providing these details ensures transparency, reproducibility, and a clear
understanding of the results presented in the subsequent sections.

5.2.1. Parameter Sensitivity Analysis

A key feature of CCPP is the use of the distance/demand matrix DQ and the regret functions regmin

and regMB in (8). The first regret function is the classic one, which selects the minimum value of each
row (i.e., the closest median to each customer). The second regret function assigns a quantity to each
customer, indicating the difference in distances between the customer and its two closest medians. We
tested combinations of the weighting parameters (α, β), with α = 0, 0.05, 0.1, . . . , 1 and α+ β = 1, and
two regret functions (regmin and regMB).

Figures 5 and 6 summarizes the impact of these design choices, displaying four piece-wise linear dia-
grams for four different methods, labeled MB, min, minMB, and MBmin, corresponding to regret function
selection, implemented on the first and second test set, respectively. The methods denoted by min and
MB apply the first and second regret functions in (8) for both assignments, respectively. The method
labeled minMB applies regmin in the first assignment (Algorithm 1) and regMB in CPCA (Section 3.2).
Conversely, the method MBmin is exactly the opposite.
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All four diagrams consist of 20 points, each shows the the mean of the relative error of all samples of
the corrponding sets according to a choice of (α, β).

Figure 5. Effect of different regret functions and different coefficients of DQ matrix on the first test set

Figure 6. Effect of different regret functions and different coefficients of DQ matrix on the second test set

The figure reveals that the minMB is the top-performing method, with the optimal parameter choice
(α, β) = (0.45, 0.55) on both test sets. The success of minMB stems from its two-stage assignment strat-
egy. In the first stage, points are assigned solely based on their closest median in the DQ matrix. Since
this step has no capacity or overlap constraints, the regmin function is the most effective choice. However,
in the second assignment, two constraints come into play: capacity and overlapping. As a result, some
points may remain unassigned at the end of this step. In such cases, if there exists a point that is close to
a median but far from the next median at hand, it should be given high priority for assignment. This is
precisely what the regMB function takes into account. The flat region around α ∈ [0.35, 0.55] indicates
that CCPP performance is robust to moderate changes in the distance–demand weighting, while extreme
values lead to inferior prioritization strategies.
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5.2.2. Interpretation of normalization choices

The distance–demand matrix DQ serves as a priority mechanism rather than a direct cost function.
Scaling demand in a decreasing manner ensures that high-demand points are considered earlier in the
assignment process. In capacitated clustering, postponing the assignment of high-demand points sub-
stantially increases the probability of infeasibility and leads to excessive boundary perturbations in later
stages. Conversely, prioritizing high-demand points early reduces the difficulty of placing remaining
low-demand points and improves overall robustness. This principle explains the observed superiority of
decreasing-demand normalization over its increasing counterpart.

Table 2. Effect of demand normalization direction on CCPP performance (instance set 1)

Demand Avg. relative (%) Avg. |Left| UPPA
normalization error (%) after CPCA activations
Decreasing demand (proposed)-First set 0.012 1.4 1.6
Increasing demand-First set 0.035 5.8 4.9
Decreasing demand (proposed)-Second set 0.046 4.2 7.5
Increasing demand-Second set 0.087 8.5 10.4

Table 2, further illustrates the impact of the normalization direction. Increasing-demand normalization
refers to scaling demand as (qi −min(q))/(max(q)−min(q)), while decreasing-demand normalization
corresponds to the formulation in (7). When demand is scaled in an increasing manner, high-demand
points tend to be postponed during the assignment process, resulting in a larger number of unassigned
points after the convex polygon clustering stage. Consequently, the algorithm relies more heavily on the
perturbation mechanism, leading to inferior objective values. In contrast, decreasing-demand normal-
ization prioritizes high-demand points early, reduces the number of left points, and yields more stable
solutions. Results are averaged over all instances in set 1 and all instances in set 2, over 20 runs per
instance. Note that all runs are based on the minMB method for (α, β) = (0.45, 0.55), according to the
results of Section 5.2.1 .

5.2.3. Random seed selection

The proposed algorithm includes randomized components, mainly in the initialization stage (e.g., random
selection of initial centers). As a result, the quality of the obtained solutions may vary across different ex-
ecutions. To assess the robustness of the algorithm and to select a fixed seed for reproducibility purposes,
a dedicated seed sensitivity analysis was conducted. Three different random seeds (2, 75, and202417)

were considered. For each seed, the algorithm was executed 20 independent times on every benchmark
instance from both problem sets. For each instance–seed combination, the best and average objective
values, as well as the standard deviation over the 20 runs, were recorded. Similar to Section 5.2.2, all
runs are based on the minMB method for (α, β) = (0.45, 0.55), according to the results of Section 5.2.1.
To keep the presentation concise, Table 3 reports aggregated results at the benchmark-set level. In par-
ticular, the reported standard deviation corresponds to the average of instance-level standard deviations
within each benchmark set. Detailed instance-level results are provided in the supplementary material
and the public GitHub repository.
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Table 3. Aggregated seed sensitivity analysis (20 runs per seed).

Benchmark set Seed Best Average Std
2 0 0.015 1.87

Set 1 (20 inst.) 75 0 0.012 2.01
202417 0 0.021 1.98

2 0.022 0.41 215
Set 2 (6 inst.) 75 0.028 0.045 220

202417 0.023 0.043 235

The results indicate that the proposed algorithm exhibits stable performance across different ran-
dom seeds, with relatively small standard deviations compared to the magnitude of the objective values.
Among the tested seeds, seed 75 consistently achieved the best average performance across both bench-
mark sets. Therefore, seed 75 was fixed and used for all computational results reported in the remainder
of this paper, ensuring full reproducibility of the experiments.

5.3. Results for instance set 1

As mentioned earlier, the test problem in this section is CPMP, includes 20 instances shown as p1 to p20,
in [29]. These benchmark problems are available at http://people.brunel.ac.uk/ mastjjb/jeb. The coordi-
nates of the points in this test set have been randomly generated from a uniform distribution [1,100]. The
demand values of each point are also random numbers from uniform distribution [1, 20]. The first 10
instances have n = 50 and p = 5, and the remaining 10 instances have n = 100 and p = 10.

The proposed algorithm (CCPP) has been compared to four other geometrically-based construction
heuristics designed for the CPMP:

1. A heuristic proposed by Mulvey and Beck, 1984, [24] (MB), In this method, the most central points
are selected as centres. Initially, p random depots are chosen as the cluster centres. Customer
points are ordered according to the second regret function in (8). Customers are assigned to clus-
ters according to the K-means algorithm. Next, the solution is improved by testing all pairwise
interchanges. If any points remain unassigned, a new cluster is created for them.

2. A density search constructive method by Ahmadi and Osman, 2004, [1] (DSCM), They define the
new regret function based on density, which is the weighted sum of distances. Centers are selected
according to their density, instead of being initiated randomly.

3. A model based method by Mai et al., 2018, [21] (EMPR). They propose a constructing heuristic for
the CPMP. They apply a Gaussian mixture modelling approach, considering the capacity constraints.
Next, they improve the solution by swapping points between clusters.

4. A Tabu search algorithm by Montoya et al., 2019, [23] (Tabu) They apply a Tabu-search based
metaheuristic for CPMP.

The reason for presenting the findings from [24] lies in the algorithm’s commendable performance
in specific instances, despite its age, making it worthwhile to report. In Table 4, the results obtained by
four mentioned algorithms, along with the objective value found by the proposed algorithm (CCPP), are
reported. The best result from 80 runs has been recorded, adhering to the standard strategy for randomly
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initialized clustering methods. Specifically, 80 runs were conducted for the four methods based on the
regret functions mentioned earlier, considering 20 pairs of (α, β). The optimal values, sourced from [21],
were obtained using the Gurobi MILP solver for solving the model. The best values in each sample have
been highlighted in bold for clarity.

Table 4. Results obtained by CCPP for 80 runs and comparison of best solutions

Sample Proposed Tabu EMPR DSCM MB Optimal Relative
No. (CCPP) value Error
p1 714 717 713 713 713 713 0.001
p2 740 740 740 740 740 740 0
p3 754 752 754 753 764 751 0.003
p4 651 653 651 651 651 651 0
p5 666 664 674 666 666 664 0.003
p6 778 778 778 778 787 778 0
p7 837 796 792 787 788 787 0.063
p8 839 826 822 839 838 820 0.023
p9 718 718 718 724 717 715 0.001

p10 841 844 829 837 838 829 0.014
p11 1026 1054 1009 1006 1015 1006 0.019
p12 966 978 975 970 969 966 0
p13 1035 1032 1026 1056 1026 1026 0.008
p14 1001 1012 983 1009 988 982 0.019
p15 1101 1133 1096 1099 1105 1091 0.009
p16 954 975 956 979 958 954 0
p17 1043 1077 1034 1123 1048 1034 0.008
p18 1048 1086 1058 1062 1053 1043 0.004
p19 1053 1057 1045 1055 1037 1031 0.021
p20 1029 1133 1018 1051 1059 1005 0.023

As evident from the results, the proposed method, CCPP, outperforms all other methods in samples
p12, p16, and p18. In samples p2, p4 and p6 the proposed method achieves the best solution along with
some other methods. Furthermore, in samples p1 and p9, the objective value of CCPP is only one unit
higher than the best-found solution. According to Definition 1, the proposed method is not dominated in
objective value by any other method in our list.

Figure 7 depicts two pie charts illustrating the relative error of CCPP and the percentage of instances
where it achieved the best solution.

Figure 7. The pie chart of results
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As illustrated in the pie chart of Figure 7, in half of the samples, the relative error is lower than 0.005.
In 38% of the cases, the proposed method (CCPP) stands as the sole approach in finding the solution
closest to the optimal one. In other instances, it either matches the best-known solution or produces a
result that is only one unit suboptimal. Furthermore, only 5% of the samples exhibit a relative error
greater than 0.003, while lower than 0.07.

5.4. Results for instance set 2

In this subsection the proposes algorithm CCAA is implemented on the test set in [19], including 6
samples. This test set is mainly applied by matheuristic methods, therefore satisfactory results have been
reported for them by now. Although the CCPP did not surpass the existing methods in terms of objective
value for any of the samples, but it could obtain acceptable results in shorter time for some samples. The
reason that we report the results of CCPP on this test set, is to show its capability to find approximated
solutions even more quickly than other methods. To be more precise, CCPP devise solutions whose
quality is within 6% of the best solution ever known in a shorter time. We further compare the results of
CCPP with three methods from the literature.

• A local search based matheuristic by Stefanello et al., 2015, [32] (IRMA),

• A local search based random-key genetic algorithm by Chaves et al., 2018, [9] (A-BRKGA+CS),

• A decomposition based matheuristic by Gnägi and Baumann, 2021, [15] (DBM).

Table 5 show the objective value and CPU time of CCPP and three other methods. The column
"relative error" shows the relative error of the obtained objective value by CCPP relative to the best value
in the table, according to (15).

It should be noted that just the method minMB were run for this test set, due to its superior perfor-
mance in compare to other regret choices. Moreover all samples were run 20 times for different choices
of (α, β), as mentioned earlier. Although the proposed method achieve better solution compare to 4 other
methods in no sample, but it can be seen that it successes to obtain a solution within at most 0.06 of the
best found solution in less time than the best-performing algorithm in half of the test cases. Specifically,
in samples SJC3a and SJC4a the proposed algorithm delivers a solution with relative error less than 0.06

in nearly half the time required to achieve the best solution.

5.5. Discussion

The results confirm that CCPP is both accurate and efficient:

• On smaller instances (Set 1), CCPP is highly competitive, achieving or matching the best-known
solutions in over one-third of the cases.

• On larger, matheuristic-oriented instances (Set 2), CCPP trades a small increase in objective value
(at most 6%) for significant reductions in computation time.

• Sensitivity analysis shows that the algorithm is robust across parameter choices, with the minMB
regret configuration consistently dominating alternatives.
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• Findings suggest that the proposed algorithm does not depend on finely tuned parameters, and that
its performance is driven primarily by the structural prioritization of demand rather than by precise
normalization constants.

Overall, CCPP provides high-quality solutions with strong robustness and efficiency, making it a
practical choice for capacitated clustering problems.

6. Conclusion

The inherent complexity of the Capacitated Clustering Problem (CCP) necessitates efficient heuristics
that can produce high-quality solutions for medium to large-scale instances within a reasonable time.
This paper introduces CCPP, a novel four-stage algorithm designed to address this challenge by trans-
forming an un-capacitated clustering into a capacitated one—a significant concern in many DNPs. The
core of our method uses convex polygons to guide point allocation, minimizing cluster overlap while
maintaining visual coherence. However, during the placement process for left points in the capacitated
clustering transformation, we relax the overlap constraint to achieve a feasible clustering.

Our main contributions are threefold:

1. A polygon-based allocation strategy that explicitly addresses spatial overlap—an often overlooked
yet critical aspect in capacitated geographical clustering,

2. A strategic disturbance mechanism for polygon boundaries to place leftover points without opening
new clusters, enhancing practicality in fixed-cluster applications, and

3. A comparative analysis of two regret functions, demonstrating that different allocation policies are
optimal in constrained versus unconstrained clustering stages.

The CCPP method proceeds in four stages: 1) initial median selection using a modified distance ma-
trix, 2) primary point allocation under non-overlapping and capacity constraints, 3) strategic placement
of any remaining points by disturbing the polygon boundaries, and 4) final cluster refinement.
In the first and second stages, we utilize a reg function, evaluating two different functions in this paper.
Our analysis shows that a standard reg function, which prioritizes the the minimum element of the DQ

matrix, is the most effective in the unconstrained first stage. However, in the second stage, where capacity
and overlap constraints apply, the second reg function demonstrates superior performance. The rationale
behind this lies in the fact that if a point is to remain unassigned, it is advantageous for that point to be
the one that, if not assigned to its nearest median, does not have a significant distance from its second
nearest median.
Furthermore, our results indicate that weighting demand slightly higher than distance in the distance-
demand matrix DQ improves outcomes, as it prioritizes high-demand points that are easier to place.
This is due to the fact that, as the demand of remaining points decreases, placing them in the third stage
becomes easier. Therefore, the priority for allocation is with a point that is not only close but also has
high demand.
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Numerical experiments demonstrate the effectiveness of CCPP. On the first benchmark set, it outper-
formed all competing methods in 3 of 20 instances and matched the best-known solution in 4 others,
with a maximum relative error never exceeding 0.07. On the second set, CCPP consistently achieved
solutions within 6% of the best-known results, often in less time. While CCPP converged in all 80 exe-
cutions performed, a formal proof of convergence remains an open direction for future research, as does
developing modifications to guarantee it.
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