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Abstract

We consider the problem of optimizing rolling stock operations, including preventive maintenance, to enhance technical avail-
ability. Our approach accounts for various types of rolling stock and their multi-level maintenance schedules, integrating both
time-based and distance-based cycles, a combination seldom explored in existing literature. Given the complexity of this
problem, we focus on short-term planning, as it provides decision makers with implications for practice regarding current
operational challenges and may also influence strategic decisions. We propose a branch and bound approach to derive opti-
mal solutions for rolling stock operations, addressing limitations in traditional manual planning commonly used in business
practice. Additionally, we developed an efficient heuristic to find a satisfactory solution in a short time. Simulations for real
data show that our algorithms can provide feasible rolling stock schedules that significantly improve fleet availability in the
enterprise. This improvement not only reduces maintenance and downtime costs but also enables the fulfillment of more
transport orders, aligning with business priorities.

Keywords: railway vehicle, availability, branch and bound, heuristic, simulations

1. Introduction

The problem of planning rolling stock operations and the problem of planning preventive maintenance
should not be considered separately. [33]. The fleet assignment plan directly influences the maintenance
and periodic repair schedule, both of which are crucial for ensuring the fleet’s safety and availability.
Therefore, an integrated and accurate plan for both operations and preventive maintenance and repair is
required.

Note that the approach to preparing a rail transport plan may differ depending on the country or
company responsible for these processes. For example, in the UK, rolling stock maintenance activities
may be set at a later stage after the scheduling of train units [26]. In contrast, a different approach can be
seen in, for example, the Chinese [16] and Korean Railways [21], where maintenance and repair activities
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are also considered when planning train units. In addition, rolling stock maintenance activities may be
fixed at the end, during the shunting of railway vehicles [19]. In other cases, maintenance schedules
are the starting point for planned train schedules [59]. Therefore, the proposed models in the literature
should be reviewed for similarity of regulations, especially concerning preventive maintenance.

The maintenance of such complex facilities, including rail, aircraft fleets, or manufacturing facilities,
can often exceed the cost of their development and production [56]. Given that rail vehicles can be in
service for 30 to 50 years, the average annual cost of maintenance and periodic repairs reaches 4% of their
value and amounts to at least 50% of the total cost [2, 13]. Over the years, maintenance expenses have
been rising all the time due to increases in the prices of components, railcar parts [31], and labor costs
[1]. In addition, these costs are accompanied by financial outlays related to the unavailability of rolling
stock, which, subject to maintenance activities, cannot carry out transport tasks, the so-called downtime
costs. On the other hand, periodic inspections and repairs, referred to in the literature as (preventive
maintenance), are aimed at reducing the probability of emergencies. Preventive maintenance is aimed at
reducing the probability of sudden and hidden failures through pre-planned activities such as inspections,
overhauls, or upgrades. [22]. Studies show that a few percent improvement in maintenance and periodic
repair schedules for the rail fleet can lead to significant financial savings [3, 16, 61]. Thus, the lever of
competitiveness of rail transport companies is the optimization of activities related to fleet maintenance,
which simultaneously provides the required level of safety and volume of transportation at the lowest
possible cost.

Maintenance schedules used to be developed manually and still are in some railway companies
[23, 60]. Preparing a feasible schedule for preventive maintenance is a challenging and complex decision
making process for which planners and dispatchers are responsible [25]. For many years, the quality
of plans depended primarily on their knowledge and experience [9]. However, over time it has become
apparent that this process is time-consuming and does not guarantee an optimal solution [23, 60]. Along
with technical progress, manual optimization was abandoned in favor of experiments based on exact and
approximate methods [46]. These, in turn, have become the subject of interest for both researchers and
practitioners. However, manual maintenance and repair plans are still present in many railway compa-
nies, e.g. [25, 60]. They are an important source and reference point for the evaluation of new solutions,
i.e. optimization methods [23, 39, 60]. In addition, they can act as contingency plans, where manual cor-
rection interventions allow obtaining a feasible schedule of periodic inspections and repairs for selected
algorithms [27, 28]. Therefore, the motivation of this study was to propose alternative methods to manual
planning that support the decision making process of rolling stock and transportation planning.

The rolling stock leasing market is diverse and influenced by regional demand, operator needs, and
various types of contracts, among other factors. This form of fleet financing is increasingly preferred
because it allows operators to avoid large investments in new trains, spread the costs of maintenance
and modernization, and benefit from enhanced fleet management support provided by lessors. The trend
toward integrating traditional leasing with digital solutions for fleet management is becoming standard
in the rail industry. Examples of companies in this space include Siemens Mobility [53], Cargounit [45],
Alpha Trains [41], Eversholt Rail Group [42], and Nexrail [47]. Smaller carriers, such as BBL Logistik
[43], or companies specializing in specific services, like transport of goods (e.g. PKP Broad Gauge Met-
allurgical Railway Line [48], cross-border services (e.g. Rail Force One [50]) and construction logistics
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(e.g. BM Bahndienste [44]), lease smaller fleets to meet their operational needs. These companies pri-
marily engage in short-haul operations, renting rolling stock that can perform various tasks. The main
objective of our study is to develop optimal methods—such as the Branch and Bound (B&B) algorithm,
the Brute Force (BF) algorithm, and a fast heuristic called Balance Mileage to Maintenance (BM2), for
managing the maintenance of a small locomotive fleet (up to a few units) in a way that minimizes oper-
ational costs for the rolling stock lessor. Our focus is on analyzing maintenance strategies, scheduling
inspections, and evaluating the impact of maintenance decisions on vehicle availability and reliability.
The goal is to identify solutions that, despite the limited scale of operations, balance cost efficiency and
compliance with technical and regulatory requirements.

The remainder of the paper is organized as follows. The Section 2 is devoted to the previous researches
related to the planning process in rail transport. In Section 3, we present problem description and model
formulation. The exact algorithms and heuristic solutions presented in Section 4 are constructed on this
basis. In Section 5 we conduct a case study based on real data. Finally, we summarize the results in
Section 6 and present our work plan for the future.

2. State of the art

The first articles highlighting the importance of rolling stock maintenance for optimizing railway oper-
ation plans focused on integrated models [39, 61, 62]. A review of the literature shows that activities
related to preventive maintenance and repairs have been included primarily in such problems as rolling
stock (or circulation) planning [7, 17, 18, 30, 39, 55], vehicle routing (mainly to workshops), e.g. [21, 27—
29], and locomotive assignments [10, 11, 61, 62].

Many authors recognize that the problem of rolling stock maintenance planning can be computation-
ally difficult. Therefore, approximate methods are immediately used to provide near-optimal solutions.
This approach was adopted by Sriskandarajah et al. [39], who conducted a study on optimizing the
maintenance scheduling of rolling stock using a genetic algorithm. This research aimed to address the
scheduling challenges faced by the Hong Kong Mass Transit Railway Corporation (MTRC). The main
goal was to reduce the costs associated with maintenance conducted either too early or too late. This
resulted in cost improvements of around 25% compared to the manual planning methods previously used
by MTRC. The model incorporated only the higher level of maintenance.

The impact of reducing the frequency of maintenance in terms of costs was examined by B. Lin and R.
Linin [24, 25]. They focused on high-level maintenance planning for Electric Multiple Unit (EMU) high-
speed trains operated by the Shanghai Railway Bureau (SRB), a regional railway operator in China. The
primary aim was to minimize the total cost associated with the under-utilization of the remaining mileage
of rolling stock relative to the target value due to the imposed deadlines for workshop maintenance. For
small-scale cases, classic exact methods such as linear programming, using the Gurobi solver, were
applied. However, for larger practical problems, such as those involving a large fleet size, a heuristic
algorithm based on simulated annealing (SA) was developed. Both methods proved significantly better
than manual planning, which was estimated to cost 3,619,200 train kilometers for the case study (124
CRH2 EMU trains over a 607-day plan) [25]. Planning concerned one type of rolling stock.

Canca and Barrena [7] developed an integrated model to simultaneously optimize depot placement and
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rolling stock circulation scheduling, aiming to minimize total costs. Their study considered factors such
as rolling stock availability, service schedules, maintenance requirements, and geographic constraints for
depot locations. To create circulation plans, they formulated a mixed-integer linear programming (MILP)
model. For solving a large problem instance, a genetic algorithm was applied in the final stage, yielding
optimal solutions that balanced trade-offs among various cost factors and operational constraints. The
experiments assumed uniform mileage for all trains and a maintenance duration of 2 to 3 days.

However, several studies applying the branch and bound technique to this problem include [10, 11, 61,
62]. Ziarati et al. [61] presents the locomotive assignment problem for CN North America, focusing on
the complexities of managing a heterogeneous fleet. It was framed as a multi-commodity flow problem
(MCF) with additional constraints and decomposed into smaller overlapping problems, each involving
500 to 1000 trains, solved using the Dantzig-Wolfe decomposition method. In the next work [62], they
focused on optimizing locomotive assignments to minimize total operational costs. The problem was
tackled using a branch and bound technique, branching on decision variables to create a search tree, and
applying cutting planes in the second phase to tighten the linear programming relaxation and improve so-
lution efficiency. The solution methodology, marked as branch-first, cut-second, significantly reduces the
linear programming relaxation gap by up to 30% compared to the approach from [61]. The research con-
ducted by Cordeau et al [10, 11] introduces a similar approach. The authors formulated a mixed-integer
programming (MIP) model to address the integrated problem of locomotive and car assignments. To
solve the model, they applied column generation and branch and bound methods. Maintenance activities
were conducted at fixed intervals, and for each type of unit, there was a cost per kilometer associated with
maintenance. This cost was included as a constraint in the model. The study demonstrates that simulta-
neous optimization of locomotive and car assignments can lead to substantial operational improvements
and cost reductions for passenger train operations at VIA Rail in Canada.

The proposed models do not consider all multi-level maintenance for a given vehicle (see Table 1). In
rare cases, selected groups of preventive maintenance (low or high level) were analyzed. In addition, only
one maintenance cycle, either time-based (TBM) or distance-based (DBM), was taken into account in
schedule maintenance. However, there is a tendency to impose top-down deadlines for maintenance based
on an established cycle for fleet [16, 21]. Publications present comprehensive research where activities
related to rolling stock maintenance are mainly limited to the model or are one of multiple inputs data.
Integrated models, which are the right approach for addressing the complex problems of planning railway
rolling stock, include preventive maintenance while optimizing other decision making processes, such as
train routes and the number of rolling stock involved. Minor changes in rolling stock maintenance plans,
such as routes and workshop loads [32], can have significant impacts. The goal of these adjustments,
along with other criteria, is to minimize costs related to downtime, duration and frequency of inspections,
routes to the workshop, and the composition of the rolling stock, while maximizing the availability
of rolling stock and the utilization of routes between each review. However, there is limited research
on factors that directly impact to preventive maintenance schedule, such as the load of transport tasks
on railway vehicles [16, 21, 24, 25]. Improving the rolling stock operation plan is mainly based on
mathematical programming (ILP, MIP, NLP) and adapting to the base solution using the branch and
bound (B&B) method, which is an exact method [10, 11, 62]. The primary purpose of using B&B is to
shorten computation time and obtain optimal solutions. However, to solve complex and large-size rolling
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Table 1. Research on the problem of planning the operation and preventive maintenance of rolling stock for various fleets

Optimization| Multi-level |Maintenance| Time horizon Source
method |maintenance cycle (in case study)

NLP+B&B No TBM 7 days [62]
GA Yes TBM 1 year [39]
ILP+B&B No TBM 7 days [10, 11]
1P No TBM 5 days [27-29]
LP No TBM 5 days [6]
MIP No DBM 100 days [17]
MIP No DBM 365 days [18]
MIP No DBM 7 days [8]
MIP Yes TBM, DBM 7 days [23]
MIP No TBM, DBM 7 days [4]
ILP, SA Yes TBM, DBM | 208 days [24]
MIP No TBM 1 day [58]
MIP No TBM 3 weeks [32]
MIP No DBM 7 days [14, 15]
B&B Yes TBM, DBM 365 days  |this work, [34]

stock planning problems, constraint relaxation or linearization approaches are often used, resulting in a
linear model derived from fuzzy reasoning. This produces a simplified solution that is not optimal for the
problem under consideration.

Our previous work has focused on approximate methods for estimating long-term maintenance sched-
ules (see [20, 34, 36-38]). These solutions stand out by considering the full cycle, including all levels of
maintenance for different types of railway rolling stock and time-/distance-based maintenance cycles. In
practice, however, planning over very long horizons with day-level accuracy is often unnecessary, since
the operational environment is subject to frequent changes (e.g., timetable modifications, additional tasks,
unexpected events). Therefore, this study concentrates on short-term horizons, which are most commonly
used in enterprises and are far more realistic to simulate and implement. In our approach, all relevant
variables are taken into account (Table 1), and we introduce, among other techniques, a branch and bound
algorithm that enables us to obtain optimal solutions for shorter horizons (e.g., annual). In this way, we
not only support short-term planning in practice but also provide a benchmark for assessing the quality
and reliability of approximate methods. Thus, we address an existing research gap by offering an exact
approach to the preventive maintenance planning problem in railway rolling stock.

3. Problem description and model formulation

For the problem of rolling stock maintenance scheduling, particularly in the context of multi-level pre-
ventive maintenance, a mathematical model was developed. A simple version of this model was first
presented in [20], and later in [36, 37]. The extended version was introduced in [34], and subsequently
in [38]. The model supports multi-level maintenance of various rolling stock types, time- and distance-
based maintenance cycles, and enables generation of short- and long-term fleet maintenance schedules.
Below is the general formulation of the considered problem.

We have a set V' of n railway vehicles (e.g., locomotives). Every vehicle is required to undergo
periodic inspections and preventive maintenance procedures [12]. Vehicles of the same type generally
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follow the same preventive maintenance policy defining time-based maintenance (TBM) and distance-
based maintenance (DBM) cycles. Therefore, they are categorized into one and the same family V, € f.
Based on the set V, we can define the set F' of b families. Each family f € F' contains a set of n;
vehicles, where n = Zl}zl ns. The maintenance policy for family f has certain £ levels of complexity,
where £ = 1 represents the lowest level, while £ = K signifies the highest level. Let TBM,f and
DBM ,f represent the predetermined threshold values for level k& concerning time (TBM) and distance
(DBM) cycles, respectively, while the expected duration of preventive maintenance activities is denoted
by M A£ . The rolling stock maintenance policy is hierarchical where lower levels of maintenance are
encompassed within higher levels. Performing maintenance, e.g. level k = 3 (large routine works), is
equivalent with the performance of lower level inspections, i.e. levels k£ = 1, 2 [24, 25]. Concurrently,
executing higher-level maintenance involves greater complexity, resulting in increased time and cost.
We have counters VT, ;, and V' M, ;, which are time and accumulated mileage since the last mainte-
nance at level & for vehicle v. Based on these values, vehicle v requires preventive maintenance activities
of level k when VT, ; < TBM{ or VM, < DBM,f no longer holds. Therefore, the decision to
perform preventive maintenance at level £ is driven by the earlier of either "B, ,f or DBM ,f . Conse-
quently, the maximum interval between subsequent maintenance events is always constrained by 7'B M, !
but it can be reduced due to accumulated mileage, which may not be economically efficient. Following
the completion of maintenance for a given level k£ and vehicle v, these values are reset to zero, then
VT,; = 0and VM,; = O0fori = 1,... k. Consider a set J; of n cyclic jobs that have to be per-
formed continuously in the following consecutive time periods ¢t € {1,...,T'} by vehicles V. Each job
J involves a set of cyclic transport tasks (e.g. carriage of goods and passengers), which have declared
average mileage (workload) w;. A single job j can be assigned to the same vehicle v during time period ¢
(often monthly intervals). From practical assumptions, job assignments to vehicles can be adjusted at the
beginning of each month. Changing jobs between vehicles requires additional maneuvering operations,
which are a separate and complex undertaking (see [5, 30]). Therefore, based on the experience of prac-
titioners, changing jobs between vehicles is less frequent than once a month. Additionally, if a vehicle is
in a workshop for maintenance, a third party (e.g., a temporary replacement) will manage the related job.
The notations (including sets, indexes, parameters) used in the mathematical model are listed in Table 2.

Objective

The objective () is to maximize the total availability (in days) of railway vehicles over a given time
horizon 7" months. This depends on minimizing the duration of maintenance activities across all vehicles.
The optimization aims to ensure that vehicles have the highest availability by reducing maintenance time.

Schedule Definition

Let S be a schedule defined as S = (Sy,...,S;,...,S7), where S, represents the assignment of jobs
to vehicles in month ¢. Specifically:

o S, =(S,(1),...,5,(j),...S(n))

o S;(v) = Jp, denotes the job J,| assigned to vehicle V,, in month ¢

o Si(i) # S(j) foralli,j=1,...,n
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Table 2. The notations (including sets, indexes, parameters) used in the mathematical model

Symbol Description Data
| vehicle index V,, = v € V, V={Vi,...,Vy,..., Viu}
will be also indicated by v
F represents a set of b vehicle families (or types) F={f:f=1,...,b}
k level of the maintenance policy for family f k={k:k=1,...,K;}
M A£ expected service durations for level k MAS ={M Ai, M A{(f}
and family f
TBM] predetermined threshold values of level k TBM! ={TBM],..., TBM} }
for TBM cycles and family f
DBM ,{ predetermined threshold values of level & DBM' = {DBM ,{ y...,DBM ]J;f}

for DBM cycles and family f

VT,  the time since the last maintenance
of level k for vehicle v (time counter)

VM, the accumulated mileage since the last maintenance
of level k for vehicle v (mileage counter)

J; jobindex J; € J (also as j) J=A{J1,...,Jn}
will be also indicated by j

w; average mileage job j (workload)

t time period (monthly intervals) te{l,...,T}

Each job J in position v in sequence .5, is assigned to vehicle v, and each job appears only once in S;.

Workload and Maintenance Plan

The schedule S determines the workload (average mileage per day w;) for vehicles over the suc-
ceeding 7" months. This translates to the accumulated mileage of vehicles and sets the dates for their
maintenance activities under their maintenance policies. Consequently, a maintenance plan P is created,
imposed by the schedule S. The total time spent on maintenance M A, (S, T') for each vehicle v follows
the plan P in the time horizon 7'

Criterion Value
Q(S.T) = Q(S) = n - d(T) — MA(S,T) (1)
where:

o MA(S,T)=>"_ MA,(S,T) is the total maintenance time for all vehicles V' according to plan
P during the time horizon T’

e d(T) is the number of days in 7.

Complexity

For each month ¢, the schedule S; is represented as a permutation of jobs J. Finding the optimal
solution by exhaustive search has an exponential complexity of O((n!)”) resulting from the size of the



100 I. Rudek

space [20, 34, 36-38].

4. Solution approaches

The job scheduling problem to maximize the availability of railway vehicles under preventive main-
tenances is computationally demanding due to the complexity of maintenance policies, varying daily
mileage, and service-related downtime [34]. Research in this area, which has focused on optimal meth-
ods [23, 24], demonstrates exponential computational complexity and becomes impractical even for small
problem instances. Nonetheless, such approaches can be tested for simplified cases and very small in-
stances of the problem, involving only a few locomotives and a time horizon of a few days.

We propose several algorithms that provide a feasible solution to the problem. Research in this area
has focused on optimal methods, which have exponential complexity. Nonetheless, these solutions may
be suitable for short-term planning of rolling stock. Therefore, in this section, we present the Brute Force
(BF) approach and the Branch and Bound (B&B) algorithm, which were first demonstrated in [34].

We compare these algorithms with heuristics, a Balance Mileage to Maintenance Heuristic (BM2)
and Balance Priority Heuristic (BH), Nawaz-Enscore-Ham’s method (NEH) (see [20, 34, 36-38]). The
benchmark is a fixed schedule without optimization (Fix assignment - FA), which is a previously used
heuristic for creating schedules in railway companies [20, 34]. This is the initial schedule for operating
rolling stock with fixed assignment of transportation task.

The optimization algorithms were implemented in C# as classes derived from a common base model,
as presented in Section 3, which defines a shared data structure used by all methods. This structure
includes a list of locomotives, railway relations, maintenance history, and a time grid divided into monthly
planning periods. Based on these inputs, each algorithm generates a maintenance schedule and evaluates
its quality using an objective function within a dedicated simulation procedure. Further details of the
simulation and modeling process are provided in [34, 35].

To improve computational efficiency in our methods, we used the event-based RRR (RudRobustRail-
way) simulator, originally introduced in [36] and further detailed in Section III.A of that work, which also
provides information about the simulator’s author. RRR is based on discrete-event simulation (DES),
which models the system as a sequence of events, allowing the simulation to skip idle periods and jump
directly to the next maintenance or repair. Unlike optimization solvers, RRR does not search for optimal
solutions but deterministically calculates maintenance dates for a given operational plan. It evaluates
each schedule by computing the value of the criterion function Q)(.S). With computational complexity
O(MK), where M is the number of maintenance events and K is the maximum maintenance level, RRR
can simulate complete maintenance plans for 100 vehicles in under 50 milliseconds. Its high speed-
over 400 times faster than time-based simulations [36]-makes it suitable for evaluating large numbers
of solutions in both heuristic and exact methods. As a result, we were able to obtain accurate results in
significantly shorter computation times. More information about the simulator itself and the architecture
of the framework developed for rolling stock maintenance management can be found in [34, 35].
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4.1. Brute Force approach (BF)

The simplest exact method selects solutions with the largest objective function value from the generated
finite set of possible solutions. The idea and content related to this algorithm were presented for the first
time in [34]. The brute force method requires generating and checking each acceptable solution. So, we
generate permutations in lexicographic order, that is, construction of a set S of all possible solutions with
power (n!)7T, i.e.

S={{1,2,...,n—1,n),(1,2,....,n—1,n),...,(1,2,....,n—1,n),(1,2,...,n— 1,n)),
((1,2,...,n—1,n),(1,2,...,n—1,n),....(1,2,... ., n—1,n),(1,2,... ,n,n—1)),

(n,n—1,...,2,1),{n,n—1,...,2,1),...,n,n—1,...,2, 1), {n,n—1,...,2,1)) }.

Figure 1. An example of generating permutations in lexicographic order

Based on this approach, the criterion value @) = Q(S) is calculated for each S € S. If the newly
generated S the value () is greater than the best Q* found so far, then this solution replaces the previous
one, i.e.,i.e. Q* = ) and S* = S. The algorithm completes its operation when the entire set of solution
space S is traversed. The optimal solution is the schedule S* with the best found value of the criterion
Q" (see step 7 in Algorithm 1).

Note that the schedule S = (S1,...,5;,...,Sr) can be represented as sequences of permutations .S,
where each of them corresponds to a specific assignment of tasks to locomotives in period ¢t = 1, ..., 7.
Therefore, reviewing the entire solution space (i.e. possible schedules) by the implemented BF algorithm
involves generating permutations S; (t = 1,...,T) of a set of n elements in lexicographic order. Using
an exemplary set of n = 4 elements, all permutations (n! = 24) can be visualized in the form of a tree
(see Figure 1) and as follows: (1,2,3,4), (1,2,4,3), (1,3,2,4), (1,3,4,2), ..., (4,3,1,2), (4,3,2,1).
The pseudocode of our implementation is presented in Algorithm 1, with a computational complexity of
O((n!)T) [34]. For a better illustration of how the algorithm works, let’s analyze the process of searching
the solution space based on Example 1, [34].

Example 1. Let’s consider an instance with = 3 vehicles and an optimization period of 7" = 4 months.

The construction of schedules, based on generating permutations in lexicographical order, forms a set of

all possible solutions S with a total of (n!)”7 = 1296 possibilities. This can be presented as follows:
((1,2,3),(1,2,3),(1,2,3),(1,2,3)),
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1: Initialize: S=5*=((1,...,n),...,(1,...,n))
and calculate the criterion Q* = Q(S5)
2: If the entire solution space has been explored, go to step 7
3: Generate next S according to lexicographical order
4: Based on the obtained schedule S
calculate the criterion Q = Q(S)
5: if @* <@ then S*=S5 and Q" =Q
6: Go to step 2
7: S* is the optimal solution with the criterion value Q* = Q(S™)

Algorithm 1. Brute Force

<(3, 2,1),(3,2,1),(3,2,1), (3,2, 1)).

4.2. Branch and Bound algorithm (B&B)

Due to the fact that the BF algorithm searches through the entire space of solutions, it is advisable to
develop another exact method that narrows down the search and speeds up the process of finding the
optimal solution.

Therefore, in this section, a thorough algorithm based on branch and bound (B&B) is constructed. The
concept and details of this algorithm were first introduced in [34]. This approach is used to obtain exact
solutions to NP-hard problems (e.g. [38, 54, 57]). For a given problem, it requires the development of
a dedicated algorithm, including the method for generating partial solutions and determining the method
for estimating the upper bounds that allow for trimming non-perspective areas of the solution space. Our
proposed B&B algorithm can be outlined as follows.

The set of all possible schedules (solutions) is sequentially divided into smaller subsets described by

the following parameters:

e 5" =(5(1),...,5(h)) — partial schedule composed of h elements, containing actual assignment
of tasks for all vehicles V' in periods {1,...,t'} and for vehicles V' = {V;,...,V,/} in period ',
using the previously defined generic notation for the schedule we have S’ = (S,...,S]_,,S; =

<J[1], cey J[Ur]>>;

e 5" =(S"(h+1),...,5"(N)) — artificially generated schedule which is a complement S’ for esti-
mating the potential impact of tasks not yet assigned for vehicles V" = V\{V4, ..., V,/} in period
t" and for vehicles V' in periods {t' + 1,...,T}; using a predefined general schedule notation we
can write 5" = (S} = S} = (Jjw41), - - - Jp)), Sprrs - -+, ST, ), if V" = () then S} = 0
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where h < N, t' = [(h—1)/n] +1and v = ((h — 1) mod n) + 1. Also, for ease consider the set
J' ={j:j=Jp,v € V'} of task indices assigned to vehicles V' in the period ¢’ and the set J” = J\J’
of other task indices, i.e. not assigned in period #'.

In the process of searching the solution space for each analysed partial schedule S’, its complement S”
is generated in such a way that in the period ¢’ for vehicles from the set V' = V\{Vi,..., V,/} the same
task with the least load among those unassigned in period ¢’ is assigned, i.e. 7/ = argmin;e »{w;}. On
the other hand, in the remaining periods {t' + 1,...,7"} to all vehicles in S”, the task with the smallest
possible load is assigned, i.e. jmin = argminjesj{w;}, ie. 8" = (S) = (Jp4y = 7", I =
3" S£5+1 = <J[1] = Jmins - -+ J[n] = Jmin)s - - -y ST = <J[1] = Jmins - -+ J[n] = Jmin))-

On this basis, the upper bound U B of the criterion is calculated can be obtained on the basis of
the partial schedule S’, i.e. UB(S') = Q(S), where S = S’ U S” is the concatenation of S’ and S”
(an artificial constructed solution according to the rules above). In other words, any possible allowable
schedule that is an extension of S” will not have a criterion higher than the calculated U B.

Based on this fact, if during the process of searching the solution space and generating the next ',
we obtain an estimate of U B less than or equal to the value of the lower bound LB, which is the best
found so far solution, then the checked subset of solutions is rejected. This means that schedules that are
an extension of S’ are analyzed non-perspectively. Otherwise, the partial schedule of S’ is modified with
the complement of S” to represent successive subsets of the solution space. This process continues until
all possible solutions have been reviewed or rejected. The presented approach uses a depth search, and
the initial value of the lower bound LB is provided by a heuristic algorithm.

Note that if in the search process h = N then the value U B(S’) corresponds to the actual assignment
of all tasks to vehicles and the actual criterion without evaluation is computed. Moreover, if the inequal-
ity UB(S’) > LB were satisfied for such a case, then this is the best solution found so far and is
stored, i.e.,, LB = UB and S* = 5'.

To illustrate how the upper estimate is calculated, let’s look at Example 2.

Example 2. Given a problem instance consisting of n = 3 vehicles and tasks with the following load
relations wy; > ws > ws. During the solution space search process, the following partial schedule was
analyzed S’ = ((1, 3, 2), (3,2, 1), (3)), where h = 7. On this basis, we calculate the auxiliary parameters:

t=1[(h=1/n]+1=|(T-1)/3]+1=3,

i"=(h—=1) modn)+1=((7—1) mod3)+1=1

V' ={1}, V" ={2,3},

J' = {3} because S}, = (Ju = 3),

o J'=J\J ={1,2}, 7" = 2and j,i, = 3, because w; > wy > ws.
Based on the above, we get S” = ((1,1),(1,1,1),...(1,1,1)), and thus S = S'US” = ((1,3,2), (3,2,1),
(31,1),(1,1,1),...(1,1,1)), because Sy = S, U Sl = (31, 1).

Let us now analyze the process of searching the solution space based on Example 3 and presented in
Figure 2.
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Figure 2. An example illustrating the idea of the proposed B&B algorithm [34]

Example 3. Consider instances = 3 vehicles and optimization period 7' = 4 months. Partial S’ sched-
ules are based on generated permutations in lexicographic order, similarly as in the case of the brute force
method (Example 1). Thus, the following schedule is generated first S = ((1, 2, 3), (1,2, 3), (1,2, 3),
(1,2,3)), and on this basis and the level h, partial schedules S’ are built, i.e. ((1)) (h = 1), ((1,2))
(h =2),...,((1,2,3),(1,2,3),(1,2,3),(1,2,3)) (h = N = 12), where N = 12 the maximum depth
a tree representing the solution space (Figure 1). At each level h the complement S” of the current partial
solution S’ is generated allowing for calculating the estimated upper bound U B(S’) (see Example 2),
which is compared with the currently best found solution (lower bound) L B. At the lowest level of the
tree N = 12 the value of the () criterion is calculated for the schedule S’ = S, and then the next base
schedule is generated in the lexicographic order S = ((1, 2, 3), (1,2,3),(1,2,3),(1,3,2)), and h = 11.
This process continues until the tree (i.e. the solution space) is pruned or all potential solutions are
checked.

The process of searching solution space by the discussed algorithm can be visualized on the basis of
a tree (see Figure 2). Based on this, let’s assume that the first cutoff solution space is for a partial schedule
S"=((1,3,2),(3,2,1),(3)), where h = 7, i.e. the calculated U B(S’) is not greater than the lower limit
L B. Therefore, all solutions that are an extension of .S’ will not contain a schedule with a better criterion
than the hitherto found L B. In this case, the associated space is cut off and the search tree is moved to the
next node, i.e. the new S’ = ((2)) (see Figure 2, example (a)). If for the new S’ we obtain the estimate
UB(S’) > LB, then the search process goes deeper into the tree by generating another partial solution
according to the lexicographic order of permutation creation, i.e. S’ = ((2, 1)). On the other hand, if the
relation UB(S") < LB, holds for the estimation, then the associated space is cut off and the next node

of the tree is moved to, i.e. new S' = ((2,3,...),...) (see Figure 2, example (b)).
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The pseudocode of the developed branch and bound algorithm, previously introduced in [34], is pre-
sented as follows (Algorithm 2). Although the developed approach still has a theoretical computational
complexity of O((n!)T), in practice it allows (in relation to BF) to significantly accelerate the process of
finding the optimal solution [34].

Initialize: S* and LB obtained by the heuristic algorithm, S’ =0
If the entire solution space has been explored, go to step 10
Generate another partial schedule S’ according to the lexicographic order
Generate an artificial schedule S” that complements S’

Based on the obtained operating schedule S =S US”

calculate upper estimate UB = Q(S)

If UB< LB go to step 8

If h==N then S*=5" and LB=UB

Go to step 2

Trim the solution space based on S’ and go to step 2

10: S* is the optimal solution with the criterion Q* = LB

a b W N -

© 0 N O

Algorithm 2. Branch and Bound

4.3. Balance Mileage to Maintenance Heuristic BM2

In this part, we present a heuristic approach called Balance Mileage to Maintenance Heuristic (BM2).
The idea and details of this algorithm were initially presented in [34], and in one version of the article
[38], which was not published. Its concept is to balance the workload of each vehicle by taking into
account the mileage left until the next major maintenance, thereby indirectly addressing various mainte-
nance policies. The pseudocode of BM2 is given by Algorithm 3, as described in detail in [34]. At first
jobs are ordered according to the non-increasing values of their average mileage w; (step 1) and their
indices are organized as the sequence J/, where J'(r) denotes the index of a job in position 7 in J'. In
the main part of the algorithm (steps 3—8) for each month ¢ (step 3) vehicles are ordered according to
the non-increasing values of the difference between the current mileage VM, f, and the distance based-
maintenance threshold D BM? 1 which refers to the highest level K; (step 4). The related sequence of
indices is denoted by V', where V/(r) is the index of a vehicle in position j in V’. On this basis, for
a given t, the related schedule S; is created, where jobs are assigned to vehicles in orders defined by J’
and V' (step 5) and the auxiliary current mileage V' M, k, of each vehicles is properly updated (step 6).

The computational complexity of determining a schedule by BM2 is O(Tn logn) (steps 1-8), whereas
the maintenance and the criterion value are calculated in O(M Kn) (step 9). Note that the algorithm
BM2 does not take into account the optimization period. In general, it is a disadvantage, since balancing
workload may increase total maintenance activities performed within a given optimization horizon, and
it can be unfavorable from the perspective of potential reselling of locomotives just after that period.

The algorithms were coded in C# (VS 2019) and simulations were run under Windows 10 on PC, CPU
Intel® Core™i7-9750H 2.60GHz i 32GB RAM. The proposed methods were implemented by someone
other than the author as part of project-based work.
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5. Case study

The experiments are based on instances constructed from real-life scenarios related to the operation of
rented rolling stock. The source data were made available through previous research studies [20, 36-38],
with additional assumptions introduced to ensure reproducibility and scenario control. As part of this
case study, three types of freight locomotives offered by the leasing company were considered: Skoda
31E (series 181), EGACTa Dragon 2, and Pesa Gama type 111Ed, see Figures 3, 4, and 5. All three lo-
comotive types analyzed in this study have been or continue to be widely used in the rolling stock leasing
market in Poland, particularly in the freight transport segment. They are available to private rail operators
and are offered by leading leasing companies such as Cargounit (formerly Industrial Division) [45] or
Rail Capital Partners (RCP) [49]. At the peak of their use, several dozen units of each model were in
operation across the country. Each locomotive type features distinct technical characteristics and serves

different market needs:

e The Skoda 31E is characterized by a simple design and low acquisition or leasing cost; however,
its disadvantages include high energy consumption and increased maintenance requirements (see
Table 3).

e The E6ACTa Dragon 2 delivers high power output (up to 5000 kW) and is equipped with advanced
systems such as ETCS (European Train Control System), but it involves a high acquisition/leasing
cost and is not economically viable for light freight operations.

e The Pesa Gama 111Ed is a versatile locomotive suitable for both freight and passenger services.
However, it has a lower power output than the Dragon and relatively higher operating costs than the
Skoda 31E.

Including these three locomotive types enables a comprehensive analysis ranging from low-budget
rolling stock to modern high-performance units, reflecting the real-world decision-making challenges

faced by leasing companies and rail freight operators.

1: Determine the sequence J' of the job indices j € J
ordered according to their non-increasing values wj

2: fort=1to T

3: Determine the sequence V' of the vehicle indices v €V

ordered according to their non-increasing values
(DBMj;, = VM, x,)

4: forr=1ton

5: Assign job j = J'(r) to vehicle v =V'(r)
at month ¢: Sy(v) =j;

6: Update VM, g, by mileage w; and month ¢:
VM, i, = (VM i, +w;d(t)) mod DBM]  ;

7: end for

8: end for

9: Calculate the criterion @ for S: Q= Q(95);
10: Return the schedule S = (51,...,57)
and its criterion value @

Algorithm 3. Balance Mileage to Maintenance Heuristic (BM2)
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The time-based maintenance (1T’ BM ,f ), distance-based maintenance (DBM ,f ) cycles, and duration
of maintenance activities (M Ai) for each type of locomotive are presented in Tables 3, 4, 5. We as-
sume that all locomotives under consideration have undergone a complete overhaul, which is classified
as level 5 maintenance. Consequently, all measurement indicators, including time-based and distance-
based maintenance, are reset for the next preventive maintenance. These maintenance activities were
completed on January 1, 2020, and the mileages were set to O km. Therefore, the simulations start from
January 1, 2020.

Level k  TBM] DBM/ MA]
1 14 days 2,500 km 3 hours
2 110 days 20,000 km 2 days
3 32 months 220,000 km 21 days
4 8 years 606,000 km 74 days
5 16 years 1,200,000 km 84 days

Table 3. Real-life based preventive maintenance cycles

and durations of maintenance activities for Skoda 31E
series 181 [34]

Level k. TBM] DBM] MA!

3 months 30,000 km 3 hours
1 year 150,000 km 2 days
4 years 660,000 km 21 days
8 years 1,220,000 km 74 days

32 years 4,800,000 km 84 days

[y

w A W

Table 4. Real-life based preventive maintenance cycles and
durations of maintenance activities for EOACTa
Dragon 2 [34]

Level k. TBM] DBM/ MA]
3 months 30,000 km 3 hours
1 year 130,000 km 2 days
6 years 1,200,000 km 21 days
12 years 2,450,000 km 74 days
24 years 4,800,000 km 84 days

[y

w A W

Table 5. Real-life based preventive maintenance cycles and
durations of maintenance activities for Pesa Gama
111Ed [34]

Figure 5. Locomotive Pesa Gama type 111Ed [40]
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5.1. Accurate case study solutions

Two petrochemical companies want to rent rolling stock from a leasing company. The first company
has three locations, and the second has four locations to which it intends to transport cargo. It is im-
portant for the rented rolling stock to have high operational availability and to minimize time spent
maneuvering the rail fleet. Thus, the first company plans to handle three jobs with average daily mileage
w; € {400,800,1200} km, using n = 3 railway vehicles. The second lessee has four jobs, with average
daily mileage w; € {500, 700,900,1100} km, and plans to rent n = 4 railway vehicles. The setup for
this case study is illustrated in Figure 6.

800 km

100 km easeholder 1
o 1200 km

. Q
L
g easing company 700 km
./ 1100 k

Leaseholder 2

900 km O

Figure 6. Illustrated case study

When estimating the type of rolling stock units to be rented, each company determines the number
of tasks it will need to perform, which equals the number of rolling stock units required. The leasing
company must select a fleet for its clients to maximize fleet availability. Experiments were conducted
on sets of homogeneous (one type of locomotive) and heterogeneous rolling stock (various types of
locomotives). According to the case study, we considered two groups of transport tasks, j € J, with the
following average monthly mileage (i.e., 30 days): for n = 3, {12000, 24000, 36000} km, and for n = 4,
{15000, 21000, 27000, 33000} km. These are, respectively, Leaseholder 1 and Leaseholder 2 in Figure
6. The leasing company proposed locomotive sets according to the lessee’s recommendations, and the

following instances were tested [34]:

Leaseholder 1:

e Instance 1 (I1) homogeneous rolling stock, locomotives: Skoda 31E (series 181), n = 3, T €
{9,...,12}, w; € {400,800, 1200} km;

e Instance 3 (I3) homogeneous rolling stock, locomotives: ECACTa Dragon2,n = 3,7 € {9,...,12},
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w; € {400,800,1200} km;

e Instance 5 (IS) homogeneous rolling stock, locomotives: Pesa Gama type 111Ed, n = 3, T €
{9,...,12}, w; € {400,800, 1200} km;

e Instance 7 (I7) heterogeneous rolling stock, one from each locomotive of Skoda 31E (series 181),
E6ACTa Dragon 2, Pesa Gama type 111Ed, n = 3, T € {9,...,12}, w; € {400, 800, 1200} km;

Leaseholder 2:

e Instance 2 (I2) homogeneous rolling stock, locomotives: Skoda 31E (series 181), n = 4, T €
{5,...,7}, w; € {500, 700,900, 1100} km;

e Instance 4 (I4) homogeneous rolling stock, locomotives: EGACTa Dragon2,n = 4,7 € {5,...,7},
w; € {500, 700,900, 1100} km;

e Instance 6 (I6) homogeneous rolling stock, locomotives: Pesa Gama type 111Ed, n = 4, T' €
{5,...,7}, w; € {500, 700,900, 1100} km;

e Instance 8 (I8) heterogeneous rolling stock, two Skoda 31E (series 181), one each of E6ACTa
Dragon 2 and Pesa Gama type 111Ed, n = 4, T € {5,...,9},
w; € {500, 700,900, 1100} km;

o Instance 9 (I9) heterogeneous rolling stock, two EGACTa Dragon 2, one each of Skoda 31E (series
181) and Pesa Gama type 111Ed, n = 4, T € {5,...,9},
w; € {500, 700,900, 1100} km;

o Instance 10 (I10) heterogeneous rolling stock, two Pesa Gama type 111Ed, one each of Skoda 31E
(series 181) and E6ACTa Dragon 2, n = 4, T S {5,...,9},
w; € {500, 700,900, 1100} km.

In addition to finding a solution for the case study under consideration, we examined the quality
and solution times provided by the BF and B&B algorithms for the instances analyzed. Note that the
running time of the BF algorithm depends on both the size of the instance and the computation of the
criterion value. This means that the shorter the preventive maintenance cycles of the vehicle, the longer
this method will take to process. However, the efficiency of the B&B algorithm is also determined by the
same parameters as BF, with the difference that the solution space is limited, significantly reducing the
calculation time of this method. The results of the experiments are shown in Tables 6 and 7, where B&B
algorithm was run 10 times, and the average calculation times of the algorithms were given in seconds
and hours.

Analyzing the times for homogeneous rolling stock (Table 6), the longest running times of the BF and
B&B algorithms were noted for Skoda 31E (series 181). This is due to the shorter preventive maintenance
cycles of this locomotive (Tables 3, 4, 5), which implies more planned maintenance activities compared
to the other vehicles considered. The availability of the Skoda also reflects this, i.e., the value of the
criterion (), which for the same instance size, is always the smallest compared to the availability of the
Dragon 2 and Pesa Gama locomotives. An example is an instance with four locomotives and a 5-month
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timetable, where the availability for Skoda 31E (series 181) is 545 days, while for both Dragon 2 and
Pesa vehicles, it is 606 days—approximately 11.2% higher.

Table 6. Average computation times of the BF and B&B algorithms for homogeneous rolling stock; ’ < 0.01’ means smaller
than 0.01 time units

Algorithm Speedup | Criterion
n| T N BF B&B B&B value Q*
Time [s] | Time [h] | Time [s] | Time [h] [days]
I1
3 9 10 077 696 794 0.22 757 0.21 1.0 738
10 60 466 176 5130 1.43 1 654 0.46 3.1 822
11 362 797 056 33187 9.22 8 188 2.27 4.1 885
12 | 2176782336 | 216744 60.21 10 588 2.94 26.5 967
12
4 5 7962 624 465 0.13 403 0.11 1.2 545
6 191 102 976 12 660 3.52 7 349 2.04 1.7 652
7 | 4586471424 | 347258 96.46 127 174 35.33 2.7 763
I3
3 9 10 077 696 294 0.08 5 < 0.01 56.7 816
10 60 466 176 1 946 0.54 8 < 0.01 256.7 909
11 362 797 056 12 135 3.37 87 0.02 139.4 996
12 | 2176782 336 82 008 22.78 1212 0.34 67.7 1089
14
4 5 7962 624 197 0.05 24 0.01 8.3 606
6 191 102 976 5200 1.44 124 0.03 42.0 726
7 | 4586471424 136 870 38.02 410 0.11 334.0 848
15
3 9 10 077 696 305 0.08 64 0.02 4.8 814
10 60 466 176 1892 0.53 531 0.15 3.6 906
11 362 797 056 12 243 3.40 4028 1.12 3.0 994
12 | 2176782 336 77 474 21.52 7578 2.10 10.2 1087
16
4 5 7962 624 200 0.06 17 < 0.01 11.6 606
6 191 102 976 5379 1.49 47 0.01 114.1 724
7 | 4586471424 143729 39.92 79 0.02 1814.4 845

Furthermore, the highest speedup for B&B compared to BF was observed for instances 3 and 6, which
concern the Dragon 2 and Pesa Gama Type 111Ed locomotives, respectively (see Table 6). This indicates
that for selected cases (i.e., I3, 16), the B&B algorithm is more effective in limiting the solution space.
The ability to eliminate searched subsets depends mainly on the value of the input data parameters, e.g.,
the number of tasks j, average runs of tasks - w;, and preventive maintenance cycles of locomotives.
Therefore, for Instance 3, where n = 3 for Dragon locomotives and a 10-month schedule, the speedup
of the solution generated by B&B is 256.7 times faster than that by the BF method. Note that for these
two instances (i.e., I3, 15), the running time of the BF method is comparable, with a difference of 54
seconds. This is due to the similar values of the preventive maintenance cycles for both locomotives.
Additionally, the availability (i.e., the value of criterion () for the analyzed scenarios, which for Dragon
2 is 3 days longer than for the Pesa Gama locomotive. Another example is Instance 6, for a 7-month
operation schedule of four Pesa locomotives (n = 4), where the solution generated by the B&B method
was obtained 1814.4 times faster than the solution generated by the BF method. For the same instance
size for Dragon 2 (Instance 4), B&B worked 334 times faster than BF. The difference in the availability
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of Dragon locomotives again was 3 days more than for Pesa. It can be seen that even a small change in
the value of one of the input parameters determines a significant difference in the operation of B&B.

Table 7. Average computation times of the BF and B&B algorithms for heterogeneous rolling stock; < 0.01’ means smaller
than 0.01 time units

Algorithm Speedup | Criterion
n| T S| BE B&B B&B | value Q*
Time [s] [ Time [h] | Time [s] | Time [h] [days]
17
3 9 10 077 696 877 0.24 1 < 0.01 1004.2 800
10 60 466 176 5698 1.58 1 < 0.01 5646.9 891
11 362 797 056 36 540 10.15 3 < 0.01 | 10986.1 978
12 2176782 336 | 231533 64.31 5 < 0.01 | 50454.0 1068
18
4 5 7962 624 557 0.15 12 < 0.01 453 582
6 191 102 976 13795 3.83 48 0.01 288.4 694
7 4586 471 424 | 368 925 102.48 111 0.03 3313.5 812
8 110 075314 176 - - 139 0.04 - 932
9 | 2641807 540 224 - - 1 869 0.52 - 1 046
19
4 5 7962 624 518 0.14 10 < 0.01 51.3 597
6 191 102 976 13 268 3.69 21 0.01 627.1 713
7 4586471424 | 339053 94.18 30 0.01 8309.1 832
8 110075 314 176 - - 41 0.01 - 953
9 | 2641807 540 224 - - 266 0.07 - 1070
110
4 5 7962 624 515 0.14 11 < 0.01 47.7 597
6 191 102 976 13115 3.64 23 0.01 568.9 711
7 4586471424 | 333131 92.54 25 0.01 | 13301.8 832
8 110075314 176 - - 45 0.01 - 953
9 | 2641 807 540 224 - - 333 0.09 - 1070

Considering the case of three vehicles and transport tasks (i.e., 11, I3, IS, I7), the longest performance
of the BF algorithm was reported for a heterogeneous fleet and not, as expected, for rolling stock con-
sisting solely of Skoda 31E locomotives (see Tables 6 and 7). Among the listed instances, the B&B
method works the shortest for a different set type of locomotives, i.e., [7. The time to generate solutions
for this type of fleet is just a few seconds, which makes B&B for n = 3 have the highest accelerations
in comparison with BF action. This is confirmed by the annual schedule, where instead of 64.31 hours
when using BF, B&B generates a score in 5 seconds. For the same size instance but for a homogeneous
fleet (for which the shortest times were achieved in this case) composed of Dragon 2 (I3) locomotives,
we have to wait 0.34 hours for the rolling stock operation plan.

This is primarily due to the significant acceleration of this method for the first periods considered, es-
pecially for a diversified fleet. Additionally, the rate of increase in the problem solution space size largely
determines the rate of change in B&B running time. Therefore, for successive cases, the greater the dif-
ferences between the space of solutions, i.e., S, the longer the B&B operation becomes. Simultaneously,
attention was drawn to the very high sensitivity of this method to the size of the data. An example is
the lack of results for schedule 7' = 13, as the waiting time for the solution generated by B&B for the
homogeneous fleet lasted so long (over several dozen hours) that further numerical experiments in this
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area were abandoned. Bearing that only three vehicles were considered in these calculations, using the
BF and B&B methods, solutions were obtained in a time acceptable to the decision maker, in the form of
plans for the operation of the railway fleet, up to the annual schedule.

Similar conclusions result from comparing 12 and I8 and 14 and 19. Analyzing the rate of change of
times for both methods, it is much higher for n = 3. Analyzing the schedule for six and seven months,
where n = 4, the waiting time for a solution using BF is extended by at least 25 times. For example,
for Skoda 31E (I2) locomotives, the maintenance plan for 7" = 6 is generated in 3.52 hours, while for
T = 7, it takes 96.46 hours. For heterogeneous rolling stock, instance I8, these times are even longer.
They are, respectively, 3.83 and 102.48 hours. Within the instances studied, the longest time for B&B
was registered for the 7-month schedule for Skoda 31E vehicles (I2), which was 35.33 hours. In turn,
for the corresponding instance I8, this time is reduced to 0.03 hours. Shorter operating times of B&B for
different vehicle compositions allowed for experimentation. Shorter operation times of B&B for diverse
vehicle compositions allow for performing computational experiments for longer time horizons. It is
worth noting that for a heterogeneous fleet with an even longer time horizon, i.e., 7' = 9, B&B generates
a solution in about 31 minutes (i.e., 0.52 hours). Another confirmation that the rate of increase in the
solution space size determines the rate of change in the B&B running time is I8, 19, and 110 for 7" = 8
and 7" = 9. The 24-fold increase in S caused the generation of solutions using B&B to be at least seven
times longer. An additional confirmation of the high sensitivity of the B&B method to the size of data
is the lack of results for the 7" = 10 schedule. Therefore, the maximum time horizon, where n = 4, for
which we could obtain optimal results is nine months (see Table 7).

The sensitivity analysis of the B&B algorithm confirmed that the method is robust within typical
ranges of input parameter variations. For Skoda 31E locomotives (n = 4, T = 5), a + 10% change in
workload w; resulted in a decrease in availability by approximately 4 days (~ —0.7%) and an increase
by about 7 days (~ +1.3%). A similar effect was observed for DBM thresholds (£ 10%). Extending
the duration of maintenance activities M Ay by 20% decreased availability to approximately 535 days
(~ —1.8%), whereas shortening them by the same proportion increased it to about 557 days (~ +2.2%).
For E6ACTa Dragon 2 vehicles (under the same settings, n = 4, T' = 5), the values of () remained
practically unchanged when varying w; and D BM (approximately 606—-607 days). However, availability
was highly sensitive to maintenance times: reducing M A; by 20% increased availability to about 564
days (~ +7%), whereas extending it by 20% reduced availability to around 545 days (~ —10%). These
findings indicate that fleets with shorter maintenance cycles (e.g., Skoda) are less robust to workload
and DBM/TBM cycles, whereas fleets with longer maintenance cycles (e.g., Dragon 2) are robust to
these factors but highly dependent on workshop times. The stability of the results confirms that the
method is not only exact but also flexible in practical applications. The observed differences between
vehicle families demonstrate that the B&B algorithm accurately reflects real-world relationships between
maintenance parameters and fleet availability, and at the same time can be used to identify key factors
limiting availability.

Both BF and B&B algorithms exhibit computational complexity, O((n!)?), making them highly sen-
sitive to data size and leading to significant variations in their running times as input data grows. Notably,
the B&B algorithm significantly accelerates the process of finding an optimal solution, up to 50,000 times

faster than BF across all analyzed cases. For examples of rolling stock operation planning considering



Decision support algorithms... 113

multi-level maintenance, specific use cases for the designed methods were identified. The BF algorithm
is recommended for a homogeneous fleet. However, the use of B&B renders BF unnecessary, as B&B
generates optimal solutions in much shorter time. Furthermore, B&B is particularly recommended for
heterogeneous fleets, achieving the best operating times, often within an hour. This analysis enabled ex-
perimental verification of the problem using exact methods and determined the maximum instance sizes
for which optimal solutions remain acceptable to decision makers, even if it takes up to several dozen
minutes.

5.2. Approximate solutions for a case study

To evaluate the effectiveness of the proposed methods, especially B&B, we will compare them with
heuristics, such as B2M, BH and NEH [20, 34, 36-38]. First, we will perform calculations for the same
instances (I1 to I10) used for the analysis of the exact methods (Section 5.1). Then, a comparison of the
solutions provided by both exact and approximate methods will be conducted to verify the quality of the
tested methods.

Evaluation of solutions provided by approximate methods and analysis of these results according to
the optimal solution will be carried out based on the following measure:

— §(A) —relative percentage error, is the ratio of the absolute error to the measurement result. It can be
expressed as follows: 64(1) = (QA(1) — Q*(I))/Q*(I) x 100%, where Q“(I) is the criterion value
obtained by the algorithm A € {BH, BM2, NEH} for the instance / and Q*(/) is the optimum
solution for this instance (provided by a branch and bound or brute force methods). The values of
the relative error ¢ 4 for homogeneous rolling stock (instances from I1 to 16) are presented in Table 8,
while for the heterogeneous fleet (instances from I7 to I10) are presented in Table 9. In addition, the
tables include the average error value 0 4 for each of the algorithms, which is the arithmetic mean of
the relative error from a series of measurements for each method.

— A(A) — absolute difference in vehicle availability relative to the optimal solution. The comparison
can be expressed as Ay (1) =| (Q*(I) — Q*(I)) |, measured in days. The absolute difference
vehicle availability A(A) for homogeneous rolling stock (instances from I1 to 16) are presented in
Table 10 and the heterogeneous fleet (instances from I7 to 110) are presented in Table 11.

Considering the results for both homogeneous rolling stock (Table 8) and heterogeneous rolling stock
(Table 9), it is clear that optimum solutions cannot be achieved with the tested heuristics, except for a few
cases. It is worth noting that the presented results correspond to the number of lost days of rolling stock
availability, and the NEH algorithm is the best of the heuristics, providing solutions with a negligible
relative errors (on average from 0.11% to 0.22%, Tables 8 and 9). The solutions furthest from optimum
were provided by two heuristic algorithms, i.e., BH and BM2. Their average error value for a series
of homogeneous fleet measurements is 0.64%. However, in selected cases, the relative error for both
methods was much higher. An example may be instance I1, considered for Skoda 31E vehicles, where for
a 12-month schedule and three vehicles, the relative error value was over 4% (Tables 8). It is important to
note that the solutions generated by these heuristics for three Skoda vehicles over an approximate annual
schedule lead to a significant unavailability of rolling stock, ranging from 33 to 40 days (Table 10). In
contrast, solutions developed through exact methods, such as B&B, have strategically plan the assignment
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Table 8. The relative error value § 4 and its mean & 4 (for the tested instances) in percent obtained by approximate algorithms
in relation to the optimal solution Q* (in days) for homogeneous fleet

’n‘ T H Q* | 6(BH) ‘5(BMQ) ‘6(NEH) H Q* |0(BH) ‘5(BM2) ‘6(NEH) H Q* ‘5(BH) ‘6(BMQ) ‘5(NEH) ‘
Skoda 31E —I1 E6ACTa Dragon 2 — 13 Pesa Gama — IS
31 91738 0.38 0.37 0.03 || 816 0.31 0.31 0.28 || 814 0.06 0.05 0.05
10 || 822 0.18 0.18 0.26 || 909 0.33 0.33 0.30 || 906 0.03 0.04 0.03
11 || 885 3.97 3.74 1.13 || 996 0.01 0.01 0.19 || 994 0.23 0.21 0.00
12 || 967 4.15 4.14 0.12 ]| 1089 0.03 0.03 0.21 || 1087 0.39 0.38 0.02
Skoda 31E — I2 E6ACTa Dragon 2 — 14 Pesa Gama - 16
41 51 545 0.39 0.44 0.37 || 606 0.04 0.04 0.04 || 606 0.12 0.12 0.12
6 || 652 0.33 0.38 0.33 ] 726 0.00 0.00 031 724 0.83 0.85 0.03
71763 0.44 0.61 0.26 || 848 0.78 0.78 0.30 || 845 0.40 0.41 0.18
Mean
error 0.64 0.64 0.22
value d 4

Table 9. The relative error value 6 A and its mean & 4 (for the tested instances) in percent obtained by approximate algorithms
in relation to the optimal solution @* (in days) for heterogeneous fleet

(n [T Q [[o(BH) [6(BM2) [S(NEH) [n [T | Q" [[6(BH) [ 6(BM2) [ s(NEH) |

17 19
31 9 800 1.39 0.23 0031415 597 1.15 0.19 0.04
10 891 1.46 0.31 0.06 6 713 1.02 0.65 0.07
11 978 341 0.27 0.23 7 832 1.35 0.32 0.30
12 | 1068 3.10 0.05 0.02 8 953 1.05 0.03 0.01
911070 0.93 0.02 0.01
18 110
41 5 582 1.35 0.71 0021 4|5 597 1.07 0.44 0.27
6 694 1.15 0.25 0.04 6 711 1.02 0.37 0.07
7 812 1.55 0.02 0.00 7 832 1.35 0.32 0.32
8 932 1.50 0.05 0.21 8 953 1.05 0.01 0.01
91046 1.31 0.24 0.22 911070 0.93 0.01 0.04
Mean
error 1.19 0.24 0.11
value d 4

of tasks to vehicles. For example, these methods exclude certain maintenances, such as between sixteen
and twenty Level 2 maintenances, two Level 3 maintenances, or other combinations of maintenance
activities. This planning adheres strictly to the assumptions for the implementation of the preventive
maintenance policies and complies with legal requirements. For the tested instances, we did not find an
optimal solution provided by all tested heuristics. However, each method found the optimal solution at
least once; for example, BH and BM2 for 14, and NEH for IS5 and I8. Even the best heuristic, i.e., NEH,
may worsen a given solution by 10 days (Table 10).This means that the B&B approach is characterized
by reliability.

Considering the relative error, even low thresholds can have a decisive impact on the schedule for
assigning tasks to vehicles and their maintenance. An example would be the plan for I7 over 11 months
(Figures 7, 8). It turns out that when using heuristics for the tested instance, BH instead of BM2
results in 34 more first-level maintenances, 4 more second-level maintenances, and one more third-level



Decision support algorithms... 115

Table 10. The absolute difference vehicle availability A A (for the tested instances) in days obtained by approximate
algorithms in relation to the optimal solution Q* for homogeneous fleet

’n‘T“Q* A(BH)‘A(BMZ)‘A(NEH)H Q* A(BH)‘A(BMQ)‘A(NEH)H Q* A(BH)‘A(BMZ)‘A(NEH)‘
Skoda 31E - 11 E6ACTa Dragon 2 — I3 Pesa Gama — I5

3] 9738 2.80 2.73 0.22|| 816 2.53 2.53 2.28| 814 0.49 0.41 0.41

10| 822 1.48 1.48 2.14|| 909 3.00 3.00 2.73|| 906 0.27 0.36 0.27

11|[885| 35.13 33.10 10.00( 996 0.10 0.10 1.00|| 994 2.29 2.09 0.00

12||967| 40.13 40.03 1.16 || 1089 0.33 0.33 2291087 4.24 4.13 0.22
Skoda 31E - 12 E6ACTa Dragon 2 — 14 Pesa Gama - 16

4| 51545 2.13 2.40 2.02|| 606 0.24 0.24 0.24|| 606 0.73 0.73 0.73

6652 2.15 2.48 2.151|| 726 0.00 0.00 225 724 6.01 6.15 0.22

711763 3.36 4.65 1.98 | 848 6.61 6.61 2.54| 845 3.38 3.46 1.52

Table 11. The absolute difference vehicle availability A A (for the tested instances) in days obtained by approximate
algorithms in relation to the optimal solution Q* for heterogeneous fleet

(W [T Q [[3(BH) [ 5(BM2) [ S(NEH) [[n[T] @ || 8(BH) [3(BM2) | S(NEH) |

17 19
319 800 11.12 1.84 0241 4|5 597 6.87 1.13 0.24
10 891 13.01 2.76 0.53 6| 713 7.27 4.63 0.50
11 978 33.35 2.64 2.25 7 832 11.23 2.66 2.50
12 | 1068 33.11 0.53 0.21 8 953 10.01 0.29 0.10
911070 9.95 0.21 0.11
I8 110
41 5 582 7.86 4.13 012 4] 5 597 6.39 2.63 1.61
6| 694 7.98 1.74 0.28 6| 711 7.25 2.63 0.50
7 812 12.59 0.16 0.00 7 832 11.23 2.66 2.66
8 932 13.98 0.47 1.96 8 953 10.01 0.10 0.10
9| 1046 13.70 2.51 2.30 911070 9.95 0.11 0.43

maintenance. This difference is also depicted in schedules presented in Figure 7, and Figure 8, where,
for clarity, the first-level maintenance is not shown. However, the discrepancy in relative error between
BM2 and NEH for the 17 instance, which stands at 0.39, indicates that by using the NEH algorithm, we
can perform 3 fewer level-one maintenances. This results in increased availability of rolling stock and
reduced preventive maintenance costs.

The heuristics demonstrated efficient solution times. The schedules for the considered instances were
created using BH and BM2 in less than four milliseconds. The running times for the NEH algorithm
validated its polynomial time complexity O(T?n? + T'M Kn?) and deterministic nature [34, 36, 38], and
ranged up to several dozen milliseconds [34].

Evaluating the approximated methods concerning the average error value for the heterogeneous rolling
stock (see Table 9), the worst algorithm to the test instances (I7-110) proved to be BH. For most instances
of the solutions provided by this method, the relative error value was above 1%. The BM2 algorithm, on
the other hand, in many cases generated solutions close to the optimum. For example, for I8 and T=7, the
relative error was only 0.02%, and for 110 and T=8 and T=9, the error was 0.01%. Analyzing the fleet
composition of different vehicles, the highest relative error was recorded for Instance 17, where n=3. The
lowest mean error value was observed for the NEH algorithm.
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Schedule for BH algorithm results

Number of scheduled maintenances at a given level Level 1: 121 |Level 2: 14|Level 3: 1|

Year 2020
Month

[Pesa Gama
ISchedule
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Figure 7. Preventive maintenance schedule for optimized assignment of jobs to heterogeneous fleet by the algorithm Balance
Heuristic (n = 3, T = 11, instance 7)

Schedule for BM2 algorithm results
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Figure 8. Preventive maintenance schedule for optimized assignment of jobs to heterogeneous fleet by the algorithm Balance
Mileage to Maintenance Heuristic (n = 3, 7' = 11, instance 7)

However, for the short-term schedules considered, the heuristics found optimal solutions in only a few
cases, such as BH and BM2 for Instances 14 with T=6, and NEH for I8 with T=7 (Tables 8, 9). Therefore,
it is recommended to use the B&B algorithm, which ensures the maximum possible increase in vehicle
availability. Our tests have demonstrated that combining this method with other heuristics can save up
to 40 days per year on maintenance activities, which corresponds to approximately 4.1% improvement
in reducing time spent on maintenance. Moreover, the B&B algorithm not only guarantees the best
maintenance plan for a vehicles but also delivers this solution within an reasonable time, i.e., less than an

hour.
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Considering the case study analysis, where we examined Leaseholder 1 and Leaseholder 2 (see Figure
6), our analysis indicates that we recommend selecting a heterogeneous fleet, which maximizes the avail-
ability of railway rolling stock. Notably, for instances 17, 19, and 110, we achieved the maximum number
of days of rolling stock availability (Table 7). Choosing a homogeneous fleet for the examined cases
results in lower rolling stock availability (Table 6). Among the analyzed vehicle models, the E6ACTa
Dragon 2 locomotive was the recommended option, and this choice was further supported by the sensi-
tivity analysis. However, based on our previous analyses and the rolling stock primarily used in Central
Europe, we recommend prioritizing a heterogeneous fleet selection for leaseholder operations when the
key criteria are fleet availability and minimizing maintenance activities.

6. Conclusion

The analysis confirms that the selection of rolling stock has a significant impact on operational avail-
ability, which is the key evaluation criterion in our study. Although modern locomotives generally offer
higher reliability, their operational availability is not always guaranteed due to higher utilization rates and
limited accessibility on the leasing market. In contrast, older locomotives — such as the analyzed Skoda
unit — while potentially less reliable, are often more readily available and less expensive. Our findings
indicate that combining both types within a heterogeneous fleet allows for better balancing of mainte-
nance schedules, improving overall operational availability. This highlights the practical advantage of
fleet diversification. Importantly, the proposed methods are flexible and applicable to any rolling stock
— regardless of its age, technical generation, or the number of preventive maintenance levels within the
maintenance cycle. The approach supports homogeneous and heterogeneous fleets, enabling data-driven
planning across various operational scenarios. While cost optimization was not directly addressed in
this study, it remains an important complementary factor in the process of selecting the optimal fleet
configuration — one which we plan to incorporate into future stages of our research.

Based on numerical experiments using the constructed exact methods—brute force (BF) and branch
and bound (B&B)—developed on the proposed mathematical model, one can observe a clear impact
of their high computational complexity O((n!)T) on the computation time. It is worth emphasizing
that the B&B algorithm significantly speeds up (up to 50,000 times) the process of finding the optimal
solution for all analyzed cases than BF. They only allow solving the considered problem for a short-term
time horizon of rolling stock operation plan (about year and several locomotive), considering multi-level
preventive maintenances. The proposed B&B method provides optimal solutions in an acceptable time
for the decision maker. On the other hand, manually arranged schedules, drawn up in approximate time,
are not optimal. Therefore, when planning rolling stock operations for small instances, the B&B method
is a better alternative than manual planning.

The BF algorithm is recommended for a homogeneous fleet, where obtaining solutions within a rea-
sonable time is feasible. However, the advantages of the B&B method render the application of BF
unjustified, as B&B produces identical optimal solutions in a significantly shorter time. Moreover, the
B&B method proves particularly effective for heterogeneous fleets, for which the computation times
obtained were the most favorable—remaining below one hour. This analysis enabled the experimen-
tal verification of exact methods for the problem under consideration and allowed for determining the
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maximum instance size of the analyzed cases, for which achieving the optimal solution remains feasible
within a reasonable time frame, i.e., less than one hour.

The analysis of the relative error values indicates the high quality of the solutions provided by the
approximate methods for the tested instances. The worst results were observed for two heuristics, i.e., BH
and BM2, whose relative error value was at most 4.14%. No correlation was found between the change
in the input data size and the value of the relative error for the tested methods. However, the quality
of solutions provided by heuristic algorithms, especially BH and BM2, depends on the value of input
data parameters, e.g., number of jobs j, workload of jobs w;, and maintenance cycles of locomotives.
This is evidenced by significant decreases and increases in the value of relative errors for these heuristics,
depending on the cases considered. The quality of the solutions provided for the analyzed instances using
approximate methods is acceptable.

The proposed B&B method is an excellent alternative to manual planning in railway companies. In
a decision making situation, when an accurate solution for short-time schedules (about annual plans)
of the problem is very important, B&B is recommended. However, the NEH or BM2 heuristics are
recommended if the time criterion is decisive. The simulations confirm that the problem of planning the
operation of rolling stock, considering multi-level preventive maintenance, is computationally difficult.

In our future research, we plan to propose other solutions based on exact methods and mathematical
programming to verify their applicability for larger instances of the problem. Another promising direc-
tion would be to combine deterministic and probabilistic approaches in order to account simultaneously
for average availability and the risk of unavailability of units. Furthermore, future research could incor-
porate additional criteria, such as maintenance costs and the utilization of workshop resources, which
would not only increase the practical value of the developed models but also allow for the assessment of
the potential financial benefits resulting from the application of the methods designed so far.
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