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Abstract

This paper is concerned with the optimal control of a Markovian queueing system subjected to multiple adaptive vacation
and working vacation policies. This system is applicable in diverse modern technologies, in particular in call centers. We
establish the steady-state solution as well as important system characteristics by means of probability generating functions
technique. We also construct the expected total cost for this model and develop a procedure to determine the optimal service
rate that yields the minimum cost. Further, we carried out a comparative analysis to obtain the minimum cost using the
Newton—Raphson method and particle swarm optimization (PSO) algorithm.
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1. Introduction

In recent years, vacation queues have been largely analyzed by diverse researchers due to their won-
derful applications in the problem of congestion in signal transmission, telecommunication, production,
network transportation, computer science and signal system, quality control, manufacturing and telecom-
munication system design and control. The readers can refer to [6, 27, 29] for excellent surveys on the
earlier works on the subject.

As to vacation queues, majority of the works were focused on models with multiple vacations policy
and single vacation policy [2—4, 12-15, 17, 22, 28, 30, 31, 37]. Nevertheless, multiple adaptive vacation
is more general than most classical vacation ones in the way that both multiple and single vacation
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policies represent the extreme cases of this policy. The concept was first introduced by Zhang and
Tian [36] where they dealt with discrete time geometric/G/1 queueing system with multiple adaptive
vacations. Then, a Geo/G /1 queueing system with batch arrival and multiple adaptive vacations has been
treated by Sun et al. [26]. After that, Ma and Xu [18] discussed a M /G /1 queue with multiple adaptive
vacations. An M /G/1 reparable queue with multiple adaptive vacations and p-entering discipline has
been treated by Cheng and Tang [5]. Later, Ma et al. [19] considered a general limited service Geom /G /1
queue with multiple adaptive vacations. Jeyakumar and Rameshkumar [10] dealt with a M~ /G (a,b)/1
queueing model with server breakdown without interruption and controllable arrivals during multiple
adaptive vacations. Recent results on different queueing models with adaptive vacation have presented
by Jeyakumar and Rameshkumar [7-9].

The basis of the research, in classical vacation queueing models, is the assumption that during the idle
period of the server, the system completely shuts down a service. Whereas, in order to manage the service
systems efficiently and economically, it may not be from system economics perspective to maintain idle
servers in the system. It is from this point that working vacation policy has been borne in mind. This
idea was first initiated by Servi and Finn [24], where an M /M /1 queue with multiple working vacation
policy has been dealt with. Since then, vast research papers has been given on working vacation queueing
systems. For recent devolvements on the subject, the reader may refer to [4, 11, 16, 20, 23, 25, 32-35]
and the references therein. This paper treats a Markovian time queueing system with multiple adaptive
hiatuses and working hiatus policy. The considerable advantages of the current research works in this
article are along these lines:

e The proposed queueing system with adaptive hiatus policy appears in varied practical areas where
through this model, we can analyse diverse hiatus policies between these two extremes in order
to better allocate server time to perform primary works (serving queue) and do secondary works
(vacations).

e The model suggested is subjected to working hiatus and multiple adaptive hiatus policy, this is more
realistic in diverse modern technologies, in particular in call centers, at which when the busy period
is ended, if no calls are received, the agents may do some other tasks as sending emails (working
hiatus). When this period is over, he comes back to the system to see if there are new requests. If
not, he returns to the hiatus at which he can take a rest. At the hiatus completion instant, if there
exist new arrivals, he switches to the busy period, otherwise, he is permitted to take random number
of hiatuses. When the hiatuses are complete, the agents return to the normal working period and
stay there waiting for new calls.

e By taking into consideration multiple adaptive hiatus policy and working hiatus simultaneously,
the queueing model becomes complex. This complexity, makes difficult to model the system and
therefore to derive its steady-state probabilities. Accordingly, the current analysis has not been
considered in the literature as yet.

e A cost function is developed, to optimize, via the Newton—Raphson and PSO techniques, the service
rate during busy period, at the optimal cost. This grants decision-makers substantial management
info for designing management policy.

The paper is organised as follows. Section 2 is devoted to the description of the model. A practical
motivation of the model discussed in section 3. In Section 4, the balance equations are given, while
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the system analysis is provided in Section 5. Then, some particular cases of the suggested model are
presented in Section 6. Useful performance measures are derived in Section 7. After that, a cost model
is developed in Section 8. Numerical discussions are done in Section 9. Later, some detailed managerial

insights and conclusions are given in Section 10.

2. The model formulation

We consider an M /M /1 queueing system with the following assumptions:

e Customers entered into the waiting line according to a Poisson process with rate \.

e After entering the system, waiting customers, during normal mode, get service in a FCFS order
following exponential distribution with rate .

e At the end of the busy period, the service provider immediately goes for a single hiatus following an
exponential distribution with rate . During this mode, the server offers a service to the customers
with a lower rate fiyy; fhwy < flp-

e The server takes a random maximum number, denoted by H, of hiatuses after emptying the system.
The probability mass function (pmf) of H isP(H = j) = h;,j = 1,2, ..., m—1. Ateach vacation
completion instant, the server checks the system to see if there is any customer waiting and decides
the action to take according to the state of the system. The following situations are considered:

— If at the end of working hiatus completion instant, some customers are waiting in the line,
the system returns to a regular busy period. Otherwise, the server takes a hiatus which is
exponentially distributed with rate ;. During this period, new customers could not be served.

— At the end of the first hiatus, if there are any beneficiaries waiting for service, the service
provider suddenly starts their service. Otherwise, the server goes to the second type of hiatus
with rate v,. Note that y; < 5.

— If the server finds a customer at the jth (1 < j < m — 1) hiatus completion instant, the server
immediately switches to regular busy mode; otherwise, he takes another hiatus of type (j + 1)th
which is exponentially distributed with rate v;,; and continues to have m hiatuses sequentially.

— As soon as the mth hiatus is completed, the server immediately switches to the regular busy
mode and stay there waiting for new arrivals.

This type of limited number of hiatuses policy reflects the compromise between the benefit of work-
ing on the queue and the benefit of performing other tasks represented by the hiatuses.

Remark 1. All random variables involving in the model are assumed to be i.i.d.

Using the matrix analysis method, we can prove that the condition for ergodicity for our vacation system
is the same as the condition for the system without vacation, that is — < 1.

Kb
3. Practical application

Consider a situation in which a server provides network services, such as web service, file transfer ser-
vice, mail service, etc. Apart from the above main tasks, the server has many secondary jobs like virus
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scanning, assessing hard disk space, checking server log files, installing security software patches, updat-
ing antivirus software and so on, as parts of server maintenance. When there are no jobs, a virus scanning
is performed to enhance the server performance. During the server performance time, if new job arrives,
the server immediately offers them a service in a slow manner. If there are some jobs waiting after the
scanning process is complete, the server starts processing them. Otherwise, the server proceeds with
another secondary task, namely checking server log files. After the server log files check is complete, if
any job is waiting, the server starts working on it, otherwise another secondary task, namely assessing
hard disk space, begins. The server continues this processus up to completing all kinds of secondary jobs.
Then, he starts a normal busy mode if there are some jobs waiting, or simply waits for new arrivals.

4. The balance equations

The bivariate process {(/(¢), s(t)),t > 0} confines a continuous-time Markov process (CTMP) with state
space
A={(,i): i=B,wv,hi,has ..., ko 1> 0}

where [(t) is the number of beneficiaries in the system and s(t) is the position of the server at time ¢ with

h;, the serverisin j hiatus j =1, ..., m
s(t) = < wwv, the server is on working hiatus

B the server is busy or available

The state transition diagram of our model is given in Figure 1.

e e\\ ;
“ﬁ'ﬁ? i

Figure 1. State transition diagram
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Let
pri = lim py (1)
t—o00
denote the system state probabilities of the process {(I(t),s(t)),t > 0}. By the Markov theory, the

steady-state balance equations of the proposed model are as follows:

APo.B = YmPo.m (1)

()‘ + :ub)pn,B = >\pn—1,B + HbPn+1,B + VYPnwo + Z’Yjpn,hja 1< .] < m, n >1

n=1

(A +7) Po,wo = H6P1.B + fuwwD1, wo (2)

(A4 7+ Bwo)Prjws = APn—1,w0 + HuwwPritwes 10> 1 (3)
(A4 71)P0, e = YP0, wo (4)

(A +7)Pny = APn1hy, 1 2>1 (5)

(A +795)Po,n; = Vi—1P0,h,_, (6)

(A +7)Pnh; = Apn—ipys 2<7<m, n>1 (7)

5. The steady state solution

Let -
Pi(z) = an,iz", i = B,wv,hy,ho,hs, ..., hp
n=1
be the partial probability generating functions. Multiplying equations (1)—(4) by z" and summing all
possible values of n, then re-arranging all the terms, we have

HpZP1,B — )\ZQPO,B — Y2Pyy(2) — Z%‘ZPhj(Z)
7=1

Pp(z) = A2 — (A4 )z + ubi ®)

In the same way, using (2)—(3) and (4)—(7), we respectively find

z(:uval wv )\Zpo wv)
Pu)v = - . 9
&)= 5= (A4 + )2 + Huw ©)
and
ph_(z):M 1<j<m (10)
! AMl=2z)+7"  —7 7
Let

(/\ + v + va) - \/(A + Y + va)2 - 4/\va
2\
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be the of denominator root of P,,(z). This is also the root of numerator of (9). From this, we get

pYe]

P1,wv = Po, wv (1]-)
Using equations (11) and (2), we obtain
HUvD1,B
wy — . 12
Powr = N1~ a) 1+ (12)

Then, by making use of equations (1)—(2), (4), and (6) and after some transformations we obtain

I mwpLs T ( Vj-1 ) (13)
’ )\()\+71))\(1—21)+7j:2 A+
HUvP1,B
wv = 14
Po, Ml —a)+7vy (14)
B HoP1,B
= : 15
Po,m )\—l—%/\(l—a)—i-v ( )
Y HoP1,B - Vi-1 .
= , 2<73<m 16
Ho A+%A(1—a)+vjﬂz((k+%)> ’ (10)
Taking the derivative of equations (9)—(10) and letting z — 1, we have
/\/\ - Mwov wy T wv/\_ wv wv
PL1) = (A + 7 — Hu)po, —n (A = Hwo)p1, (17)
Y
AN+, ,
P/Lj(l):<—2%)po,hj7 I1<j<m (18)

J
From equations (8)—(10), making use of I’Hospital rule, by letting z — 1, we respectively obtain:
The probability that the server is on busy state:

fop1,s — (2Apo,p + V(P (1) + Puu(1)) + Z%(P;Lj(l) + P (1))

Pr —
N A — iy

The probability that the server is on working hiatus state:

M1 —«
Pwv: gpO,w’u
Y

The probability that the server is on the sth hiatus:

A )
Py, = —pon;, 1<j<m
Vi

J

From the total probability, we have
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1

pLB:T x A (19)
Ml —a) 4+~
where
+A(L-a) i -
0l — 0% 7] 1 Ve—1 %n V-1
A= + 1+ - +
(( gl A+%( Z HA+% N AEA+%)> ¢)
and

Y T (N 20 77 e
— 2% =
. (A(l—a)Jrv)(AJr%)(ﬁy EAJW Z( i HA+%~

6. Particular cases

In this section, we present some special models that have been derived by assuming specific values for
some parameters involved in the model.

1. (y = ooand vy; — oo, j = 1,2, ..., m). The model is reduced into the classical A//M /1 queueing
model. Here, we have
Al — A)
mp=——"5—=p(1-p
1.B e ( )

A
where p = —. This result coincides with that given in equation (3.2.3) by Medhi in [21].
Ho

2. (y; = 00, j =2, ..., m). The model changes into an A//M /1 queueing model with a single vacation
followed by a working vacation (M /M /1 + SWV + SV). In this case, p; 5 becomes:

1

P1,B = 1 ) \ )
by — 2 gi!
— | 1+ + 1+—=+— +
/\(1—a)—|—7< ¥ /\+71( A 71)) ’

where

I—a)+ 7\ A+m A A+ v
A—

iy (1_A( 1 ( Ay (E+A+2%))+A(27+>\—uwv)(1—a)>

o=
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3. (7 — o0). The model changes into an M /M /1 queueing model with multiple adaptive vacations

Kb
P —p
h1( ) /\(1_2)+,}/1 P1,B
Vi-1 .
P = 4 2< 1<
h; <Z> )\‘i‘”)/] _ )\Zp[),hjfn SJ=m

[2p1,B — AZ°po.p — Z V2P (2)

Pp(2) = 7=
5(2) A% = (A + )z + o

Further, important performance measures are derived. Expected number of beneficiaries in the

system when the service provider is busy

220+ )i -

(Nb . )\) <2)\p0,3 I QXMbpl,WB%(A-‘rWl) + Z ( 7’)}; 1P0, h;i— )

E L = 1=2 1
(Lp) TP,

A m%1)\+%pom
<2)\p03 — pp1,B t+ wt1)p5 ﬂl)pl B 4 Z - Z%po Ry )

=

+
2(u A)?
Expected number of beneficiaries in the system when the service provider is on jth vacation
(1<j<m):
A A ,
B(Ly,) = ”;21’37 E(L,) = % 2<j<m.
! J

7. Performance measures

In this section, we give some performance measures of the model that will be useful for the numerical
part. Expected number of beneficiaries in the system when the service provider is on working vacation is
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)\(7 + A — ,wav)Po, wv ,U/wv<)\ — ,Uwv)pl,wv
E(Lyy,) = 5 .
g
Expected number of beneficiaries in the system when the service provider is on jth vacation:

(A =+7;)Apo, n,

E(Lh]') - '7/2
J

, 1 <7< m.

Expected number of beneficiaries in the system when the service provider is on is on busy period:

22X F )i ,
(= A) <2/\po,B 2o Z A+ 3)7i-1po, h“)

1 — 722
E(Lg) = =
(Ls) STPSSNE
A = (>\ + )P0, hs_
(2/\]?073 — wprs + B ( +';;1):U1,B + Z 1 Z%po " )
+ =2
2(pp — A)?
where

ANy 200 = 29 A e — (1 = @) (4N% = 20° = 2\ — 2Mpik, + 3Ny = Mpiww + A?)

S >

Expected number of beneficiaries in the system F(L):

m

E(L) = E(Lg) + E(Lu) + S E(Ls,)

Expected waiting time: (W)

8. Cost model

In this section, we develop a cost model by defining the total expected function, in which the service rate
is the dominating variable. Our goal is to control these variables in order to minimize the total expected

cost function per unit time. We define the following cost elements (per unit time) as follows:

C'v—holding cost for each beneficiary seen in the system,

Cy~— waiting cost if one beneficiary is to receive the service,

C'p— cost for the period the server handling service process,

Cwi cost for the period the server handling working hiatus process,
C; — cost when the server is on the jth hiatus, (1 < j < m)

C,,— cost for service
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The cost function 7'C' is defined as:

TC = CyE(L) + CwE(W) + CpPp + CuuPuy + > CiPy, + Cpyty (20)

j=1
Our aim can be expressed mathematically as:

Minimize T'C'(ju)

9. Numerical discussions

The problem considered in Section 3 can be modeled as an M /M /1/WV &M AV queueing system. In
this section, we present numerically the performance indices and the optimality of the cost model for the
considered system. Throughout this section, we assume that the maximum number of hiatuses taking by
the service provider is two, that is m = 2.

9.1. Analysis on performance indices

Service rate pp,. The impact of service rate u, on the performance indices Pg, F[L], and E[IV] are
displayed in Figures 2—4, respectively. Obtained results are clearly admitted with our intuition. The
increase in the service rate leads to a significant decrease in the considered performance indices.

Arrival rate A. The effect of an increase in the arrival rate on the performance indices Pg, F[L],
and E[W] are presented in Figures 5-7, respectively. It is well observed that a surge in the arrival
rate implies a significant decrease in the above three performance indices. Obviously, high number of
customers joining the system implies a high probability of busy period. This results in an increase in the
average system length and average waiting time of customers.

Working vacation service rate pt,,,,. The effect of an increase in the arrival rate on the performance
indices Py, E[L|, and E[W] are presented in Figures 8-10, respectively. We noticed a considerable
decrease in the above three performance indices with f,,. It is obvious that if the service provider
increases the service rate while is on working vacation mode, all customers being in queue will be served.
Therefore, P, increases accordingly. This leads to unavailability of service to the customers. Hence, a
decrease in the average system length and average waiting time of customers is quite reasonable.

Hiatus rates v; and ~». The effect of hiatus rate, v; (72) on the performance indices P, ( resp. Fj,),
E[L], and E[W] are studied in Figures 11-13, (Figures 14-16). By increasing the first hiatus rate (),
a considerable decrease in the above three performance indices occurs. It is vivid that by augmenting
the first hiatus rate, the probability that the server stays on type-I hiatus becomes small, this implies an
increase in F,,. Further, an increase in the hiatus type 2 rate, results in a considerable decrease in P,
E[L], and E[W].

9.2. The cost optimization

The total cost function 7'C' given in section 8 is nonlinear; it is too complex to solve analytically. Then,
the optimal value of the service rate can be easily determined by using numerical optimization techniques.
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9.2.1. The optimal service rate

We apply the PSO algorithm to optimize the expected cost function. For this purpose, we employ Cy =
10,Cw = 15,Cp = 20,Cy, = 20,Cy, = 25,0, = 30,C,, = 40. For three different values of the
arrival rate, obtained results are displayed in Figure 17. It is seen that the curves are convex and hence
assure the existence of optimal values. In addition, it is observed that with A the concerned optimal
service and the expected cost increase accordingly, as intuitively expected.
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9.2.2. Comparison of total cost obtained from PSO algorithm and NR method

The Newton—Raphson algorithm and PSO algorithm are applied and the results are computed using an
Intel-Pentium 2.4 GHz PC with 1.97 GB RAM. From Table 1, we observe the compliance in the optimal
service rate obtained by applying the NR and PSO algorithms from a few experiments. Also, we can
see that NR method is better for obtaining the optimal service rate of our model as the running time (in
seconds) of the algorithm is less compared with the running time of the PSO algorithm.
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9.3. Comparative numerical study on the total cost

In this numerical discussion, we give a comparative study on the optimal service rate and the rela-
tive total expected costs of M/M/1/MAV queue, discussed as a third special case and our model
M/M/1/WV &M AV queue. Note that for the M /M /1/M AV queue the cost function is defined as:

TC = CNE(L) + CwE(W) + CBPB + Z ijhj + Oub/JJb (21)

Jj=1
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Here, we take two set of values as

Cn = 10; Cyw = 20; Cwy = 25;Cp = 20; C; = 30;Cy = 35; C),, = 40 and Cx = 10; Cy = 15; Cyy =
25;Cp = 20;Cy = 25;Cy = 30;C,, = 35 in (20) and (21). The resulting curves to the above two
set of values are plotted in figure 18 which shows that the optimal service rate of M /M /1/WV &M AV
queue is less than the optimal service rate of M /M /1/M AV queue. Also, the curve of TC for our model
against the service rate is under the curve of TC for the M /M /1/M AV queue. It reveals that our model
is better compared with the model M /M /1/M AV queue.

Table 1. Effect of 1" on TC*, E(L), E(W) forv = 0.1,7; = 0.2,v2 = 0.3, and different values of A

Newton—Raphson optimization PSO

" Elapsed * " Elapsed
"y E(L) E(W) TC time [s] "y E(L) E(W) TC time [s]

0.1 0.6749 0.2350 23501 62.8923 0.023001 0.6749 0.2350 2.3501 62.8923 180.6771
0.2 0.7706 0.4818 24091 723742 0.015456 0.7706 0.4818 2.4091 72.3742 151.9986
0.3 0.8862 0.7321 24402 80.8567  0.01125 0.8862 0.7321 2.4402 80.8567 158.7501
04 1.005 11,0024 25061 89.6534 0.013178 1.005 1,0024 2.5061 89.6534  114.0655
0.5 1.1246 13064 2.6128  99.199 0.14212  1.1246 13064 2.6128  99.199  359.2317
0.6 1.2452 1.6579 277632 109.7866 0.012472 1.2452 1.6579 2.7632 109.7866 460.2642
0.7 13676 2.0717 29595 121.6516 0.024794 13676 2.0717 2.9595 121.6516 753.9248
0.8 14924 25611 3.2013 13493  0.022484 1.4924 25611 3.2013 13493  386.0446

10. Managerial insights and conclusions

This study focuses on optimizing the cost of a Markovian queueing system subjected to multiple adaptive
vacation and working vacation policies using both the Newton—Raphson and particle swarm optimization
techniques. This system is employed to model a wide variety of real-world situations, including customer
service centers, transportation systems, production and manufacturing systems, etc. The multiple adap-
tive vacation and working vacation policies are a fundamental aspect of this optimization process that can
have a strongly positive impact on the system’s performance. After presenting the theoretical analysis of
the queueing model, the relationship between different system parameters and performance measures, as
well as the cost model of the queueing system have been examined. The current study provides valuable
insights for managers looking to optimize their queueing systems and reduce costs. These insights can
be used by managers to make informed decisions and improve the efficiency of their operations.
The use of the Newton—Raphson and PSO techniques to study the cost optimization of the suggested
queueing model is a complex problem that requires careful consideration of multiple factors:
e The impact of vacation policies on system performance should be examined.
e [t is important to define the cost function to reflect the objectives of the organization, such as maxi-
mizing profit or minimizing cost.
e The optimization problem must be defined. This involves finding the optimal configuration of the
system that minimizes the cost function while satisfying performance constraints.
e After implementing the optimization techniques, the results should be evaluated while monitoring
the system performance to ensure that the system is operating optimally and considering the impact
of variability.
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A continuous-time queueing model with working vacation and adaptive vacation policy permits the
server to take a random maximum number of vacations as long as the system is empty. With this policy,
the queue manager can better load the server than multiple or a single vacation policies. The steady-state
solution of the proposed system has been established. Moreover, on the basis of the steady-state proba-
bilities of the system, its performance measures have been derived. Even if the convexity (unimodality)
of the expected cost function can not be demonstrated theoretically in this study, we present a finite and
quick search for the optimal thresholds using the PSO algorithm and Newton—Raphson method. We also
perform a sensitivity analysis among the optimal value of the service rate and cost components. The two
method applied were numerically compared. The proposed model is very useful in general situations

arising in practical applications.
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