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Abstract

Gompertz-G family of distributions has been considered. The moment properties of generalized order statistics were studied
and characterization results have been presented. Further, several examples and special cases were discussed. The results can
be applied to many known distributions included in this family.
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1. Introduction

The order statistics and related general models of ordered random variables are important in statistical
theory and its applications. Kamps [19] introduced the generalized order statistics (GOS) and showed
that all well-known models of ordered random variables such as record values, order statistics, Pfeifer’s
records, progressive type II censored order statistics, etc. are the sub-models of GOS in the distributional
and theoretical sense. There is no doubt that GOS and different models of ordered random variables
will continue to arouse the interest of many researchers working in the fields of theoretical statistics,
applications, and statistical mathematics.

Recurrence relations for moments of GOS and characterization through it for various distributions
have been investigated by several authors. For a detailed review of the topics, see Keseling [21], Cramer
and Kamps [15], Kamps and Cramer [20], Pawlas and Szynal [29], Saran and Pandey [30], Ahmad and
Fawzy [1], Athar and Islam [7], Al-Hussaini et al. [3] , Anwar et al. [5], Khan et al. [23], Khwaja et al.
[25], Khan and Zia [24], Athar and Nayabuddin [8], Khan and Khan [22], Nayabuddin and Athar [26],
Singh et al. [31], Zarrin et al. [32], Athar et al. [9—12] and references therein.
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1.1. Definition of GOS
Let n > 2 be a given integer and m = (mq,ma, ..., my_1) € R"~1 k > 1 be the parameters such that
n—1
7,~=k+n—i+2mj >0 for 1<i<n-—1
j=i
The random variables X1 ,, s 1) Xon sk, - - -y Xnnmk are said to be GOS from an continuous popula-

tion with cumulative distribution function (CDF) F'() and probability density function (PDF) f(), if their
joint PDF is of the form

n—

k(ﬁvj) ( T10- Fe))™ f(:)) (1 = F(aa)" " flwa) (1)

i=

onthe cone F1(0) <z <ay < ... <z, < FI(1).

1.2. Sub-model of GOS

The particular cases of model (1) are:

e lfmy=my=---=m, 1 =0andk=1,theny, =n—r+1,1 <r <n— 1. Inthis case, model (1)
reduces to the joint density of order statistics. For more details about order statistics see [16].

e By choosingn = m, m; = R;fori =1,2,.... m—1landk = R,, + 1, theny, = m —r + 1
+ % R;,1 < r < mwhere R; is a set of prefixed integer that shows R; random removal at sth failure
frloir; surviving items of an experiment. In this case, model (1) reduces to the joint density based on
progressively type-1I censored order statistics [13].

e Let Xi, Xo, ..., X,, be a sequence of independent and identically distributed random variables
with CDF F(z). Let Y,, = max{X;, Xy, ..., X,,},n > 1. Then, we say X is an upper record
values of sequence {X,,n > 1}, if Y; > Y4, > 1. Now if we put my = my = ...
= mu_1 = —land k = 1in (1), then v, = 1,1 < r < n — 1. In this case, model (1) re-
duces to the joint density of upper record values. For more details on record values see [2] and
[6].

elfm;=(n—i+1)a; — (n—i)a;;; —land k = a,,a € RYi = 1,2,...,n — 1 then 7,
=(n—r+1)a,,1 <r <n— 1. In this case, model (1) reduces to the joint density of sequential
order statistics. For more details see [15].

Here we may consider two cases:
Case L.y #v;,4,j=1,2,...,n—1,1#j.
In view of (1), the PDF of rth GOS X, ,, sk is given as [20]

T

Fronmn(@) = Cooaf(2) Y ai(r)[F(x)]" (2)

i=1
where

r n—1
Cr_lz H’}/Z, vzzk+n—@+2m]>0
i=1 Jj=1
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and
. 1
a;(r) = Il—, 1<i<r<n
=1 (v — %)
J#i

The joint PDF of X, ,, s 1 and X , 5 1, 1 <7 < s < n,is given as [20]

Frosmmn(@y) =Ciy %" (s) (?Ez;) |

j=r+1
- — o\ S(@) )
X a;(r)(F(z))" | ===, <y 3)
(Z () (F(x)) ) Fo P (
where \
(r) 1 .
a;’(s) = — r+1<j5<s<n
’ t:lll (% =)
1]
CaseII.m;=m,1=1,2,...,n—1
The PDF of rth GOS X, ,, ,, i 1s given as [19]
Cr,1 R Yr—1 r—1
Fommale) = o (F@) ™ gl (F) @
where .
i=1
S
m+1 ’
hm@) =
1
log <1 —;1:)’ m=—1
and

gm () = hp(z) — hp(0) = /(1 —t)"dt, ©€0,1)

The joint PDF of X, ,, ,, pand X , o, 1, 1 <7 < s < n,is given as [29]

Frammila) = e (F@) a0 (F(@)

X (hn(F(y)) = b (F(2) (F) " f@)f(y), —o0<z<y<oo ()

1.3. Gompertz-G family of distributions

Alizadeh et al. [4] proposed the Gompertz generalized (Gompertz-G) family of distributions. It makes
kurtosis more flexible compared to baseline models and produces skewness for symmetrical distributions.
Thus, it provides greater flexibility in the modeling of real data sets. Some of the distributions belonging to
this family like Gompertz—Frechet, Gompertz inverse exponential, Gompertz—Weibull-Frechet, and Gom-
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pertz alpha power inverted exponential distributions are separately studied by Oguntunde et al. [27, 28],
Bodhisuwan and Aryuyuen [14], Eghwerido et al. [17], respectively. The CDF of the Gompertz-G family
of distribution is given by

«

F(x):1—exp(5

and the corresponding PDF for this family is

(1 (- G(x))’8>) . @, B8>0 (6)

f() = ag(@) (1 = G(@) " exp (% (1-0- G(x))ﬁ)) (7)

where G(z) and g(x) refer the CDF and PDF of the base distribution.

In view of (6) and (7), we get the relation between survival function (SF) and PDF as below

o (1= G@)™

Pla) = S T f (@) )

Equation (8) can also be expressed as

[6+1] Uy
o =23 -0 (P )

a 9(x)

where F'(r) = 1 — F(x) is the survival function (SF) and [.] is an integer.

The paper is organized as follows. Section 2 presents the single moment of GOS for the family of
distributions in (6). In addition, some examples and special cases are demonstrated. Section 3 discusses
the properties of product moments, whereas the characterization results are studied in Section 4. Finally,
the conclusion is given in Section 5.

2. Single moment

Before coming to the main result, we shall reproduce the lemma given by Athar and Islam [7]

Lemma 1. For Case I with PDF givenin (2)and2 <r <n,n>1,p=1,2...
E(Xf,n,m,k) - E(Xffl,n,m,k) = pCr—2 / ™! Zai(T) (F(‘”))y dx (10)
- i=1
Proof. For~; # v,,i,7=1,2,...,n— 1,7 # j, Athar and Islam [7] have shown that
E(&(Xrnm k) — E(E(Xo—1,n,mk)) = Croa / () Z a;(r) (F(z))" dx (11)
. i=1

where £(z) is a Borel measurable function of x € (—o0, 00).
Let {(x) = 2P, then Lemma 1 can be established in view of (11). O
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Theorem 1. Assume Case I is satisfied. For the Gompertz-G family of distributions as given in (6) and
neNmeRE>0,1<r<np=12,...

E(an m, k) - E(Xf—l,n,ﬁz,k) = Oi/ E<A(XT:”7myk)) (12>
and subsequently
[B+1]
+1
T 1=0

where A( ) = P~ 1% and Bl< ) Pl (G(x))!
g(z

Proof. 1In view of (8) and (10), we have

)= E(X7 1)

_ T B+1
pCrl / plzaz %1<<1 G(x)) m)) "

E(x?

r,n,m,k

J ag(z)
Cr—l j; - n vi—1
— pa% ) / A(x);ai(r) (F(x)" " fx)da

This yields (12). In view of (9) and following the same steps, the relation (13) can be obtained. Hence,
the proof of Theorem (1) is completed. Ul

Corollary 1. For Case II and the condition as stated in Theorem 1

E(an m, k) E(Xf 1,,n,m, k) = Ofy E(A(XT,":m:k)) (14)

Proof. Since forvy; # vt #j=1,2,...,n—1butm;, =m

1 , 1
; e — | r—i
ai(r) (m + 1)T_1( ) (2 — D (r —a)!
Therefore, PDF given in (1.2) reduces to (1.4). Thus, relation (14) can be established by replacing m
with m in (12). O
Remark 1. If m; = 0;¢ = 1, 2,...,n — 1 and £ = 1, then the relation for single moment of order

statistics for Gompertz-G family of distribution is given by

E(X?,) - E(X!_,.,) = ﬁE(A(Xr:n»

where E(XP, ) is the pth moment of rth order statistic.
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Remark 2. Letm; — —1,i =1, 2,...,n — 1, then single moment of kth upper record values is given as
p
E(X(Z}(k)(n)) - E(Xg(k)(nfl)) = %E (A(XU(k)(n)))
where F(X 5( k) (n)), is the pth moment of kth upper record values.

2.1. Examples

In this section, we present some special models of Gompertz-G family by considering the baseline dis-
tributions like power function, Pareto, exponential, inverse exponential, Lomax, alpha power inverted
exponential, and Frechet. The CDF and PDF of these baseline distributions are listed in Table 1.

Table 1. The CDF and PDF of the baseline distributions for the considered examples

Model G(z) g(x) Parameters

Power function A7 Oz 0<z<N0>0
Pareto 1— g™V pAV =@+ A<z <oo;\v>0
Exponential 1—e e~ A% x>0A>0

0
Inverse exponential e~ %/* —26_9/“3 x>0;6>0

x
Lomax 1—-(1+ 61‘)70 05 (1+ (51‘)7(9“) x>0;0,60 >0
Alpha power 1 exp(—c/z) ) ClOgOé o exp(—c/x)
inverted exponential o — 1 (a ! x%(a — 1)eXp( cfz)a a>0,z>0
Frechet exp (—(o/2)?) BaBz—PHexp (—(a/z)?) x>0;a,8>0

Now using the above base distributions the CDF, PDF and recurrence relations for the single moment of
GOS for some of the distributions of Gompertz-G family are presented below.

2.1.1. Gompertz power function distribution (GOPOW)
The CDF and PDF of GOPOW distribution are given as

F(x)=1—exp (% (1-(1- )\_QIQ)_B)) , 0<z<XNa, >0 (15)
and
flz) = a2 (1 — A %2%) P exp (% (1-(1- Af’x@)ﬁ)) (16)
Now, it is easy to see that
—01,,.01
Bl(x) _ $j1929_1“;\_0 _ %)\9(11)xj+9(11)

Thus, using (13), we get

[B+1]
E(Xp ) _ E(Xp ) _ p Z (_1)l ([ﬁ + 1]))\9(1_Z)E(Xp+6(l_1)),

r,n,m,k r—1,n,m,k 0047r — l r,n,m,k
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2.1.2. Gompertz—Pareto distribution (GOPAR)
The CDF and PDF of GOPAR distribution are given as

«

B(l—/\_l’ﬁmyﬂ)), A<z <oo,a, >0

F(z)=1— exp (

and
f(z) = avA Pz L exp (% (1- )\_”’Bxyﬁ)>

Further, we have

B+1 v,—v\B+1 vf
_ (A =G@)™ )T N
Alz) =@ g(x) S v

Thus, in the view of (12), we get

_ 7

BT ) = B ) = B )

2.1.3. Gompertz exponential distribution (GOEXP)
The CDF and PDF of GOEXP distribution are given, respectively, by

«

5(1_6)\&6))7 x>0, a, 8, A >0

F(z)=1—exp (
and

f(z) = aXexp (% (1 — e’\ﬁx) + )\ﬁm) , x>0

Now we compute A(x) as follows

(11— G(l.))ﬁ”rl - e~ z(B+1) 1. o0 )\u_lﬁu -
_pl( _ ..p—1 _ T p—1,=ABx _1\u u+p—1
Alz) ==z o — =T = e —UZ:%( 1) 7
Therefore using (12), we get
p - u)\u_l/Bu u -1
E<anmk) - E(qu,n,m,k) = ay Z(—l) ! E(Xr,—:fm,k)
" u=0 ’

2.1.4. Gompertz inverse exponential distribution (GOIEX)

The CDF and PDF of GOIEX distribution are given, respectively, by

F(m)zl—exp(% (1—(1—e3)5)), >0, a,B,0>0

and

(19)

(20)

(21)

(22)
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Furthermore, one can find that

!
)
l ez
S (/o) P G I WP
B'(x) = 2? o(2) =P e exp e

_ 1 +1 = u(9<l — 1)3771)” _ 1 - ueu u,.p—u+1l

= g L = S G- e
Thus from (13) we obtain

[B+1] o
p o1+ 10— 1) u
E(an m, k) o E(Xffl,n,fn k) — Z Z l+ —|E(an :r—le)
040% —~ — u!
2.1.5. Gompertz—Lomax distribution (GOLOM)
The CDF and PDF of GOLOM distribution are given, respectively, by
_ @ op

F(x)—l—exp(g(l—(lvtéx) )), r>0, a >0 (23)

and
f(x) = ad(1 + 26)%exp (% (1 — (14 5x)06)> . x>0, a,8>0 (24)
Now, it can be seen that
L1=G@)™ y (L4 0z) "D gt 1-0
(]J) 2 g(l’) =P 95( + 5z ) (6+1) 05 ( + .I)
_1 [1-68] [1-05]
_xp ' Z ([1 _96])( 1 —0B8—t Z (1_85> t+95)xp 08—t
06 — t "0

Thus, in the view of (12), we get

[

1-05]
> (M) epea )
t=0

p
Yr
3. Product moments

Lemma 2. For Case [with PDF as givenin (2) and 1 <r<s<n,n>1,k>0,p,¢=1, 2,...

E(an m ng,n,fn,k) E(Xp

q — p,q—1
rnkas 1,n,m,k _quQ//aj

a; Fly)\" Ta‘rfx%@ x
(Z <F(x)) > (Z i(r)[F ()] )F(I)dyd (25)

j=r+1
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Proof. Athar and Islam [7] have shown that

E(é{Xr,n,m,ka Xs,n, m,k}) - E(g{X'r,n,'FrL,ka Xs—l,n,m,k}>

s [ [ 2ew) ( > 6 (72) ) (Z az-<r>[F<x>]%) L vz (20)

—00 j=r+l1

Lemma can be established by letting & (z,y) = 2Py? in (26). O

Theorem 2. Let Case I be satisfied. For the Gompertz-G family of distributions as given in (6) and
neNmMeR k>0,1<r<s<n,p,q=1,2,...

E(XT kX i) = BT kX k) = quv E(A{ X n, 1, 10s X,y }) (27)
and subsequently
b [vanﬁ’b,k'Xg,n,ﬁz,k} - L [Xf,n,rh,k'Xg—l,n,m,k}
sl (28)
_ 4 Y B+ 1] ! i N
o aYs lz(;< 1) ( [ >E[B {Xr’n’m’k’Xs’"’m’k}]

—1(1=G(y))*! (),
where A(z,y) = oryt =G — and Bl(z,y) = ey MG

Proof. Inview of (8) and (25), we obtain

E(Xf,n,ﬁm,ng,n?fn,k) - E(Xf,n,fn,ng—l,n,rh,k)

e om0 38 i)

—00 T j=r+1

f(x) fly) (1— G(?J))ﬁﬂ - qCys_1 TT 5 ") F(y) Y5
S el R (Z 0 (763) )

( ' a;(r) [F(x)]”) %%d@/dw

This gives (27). Proceeding on the same lines and using (9), we can get (28). Thus, the proof of Theorem
(2) is completed. U

Corollary 2. For Case II and the condition as stated in Theorem 2

X;]fl,n,m,k) = Oé(z)/ E<A(Xr,n,m,kaXs,n,m7k)) (29)

E(Xf,n,m,ng,n,m,k) o E(Xp

r,n,m,k

Proof. Sinceforvy; #v;, i #j=1,2,...,n—1butm; =m

1 , 1

al’(5) = (~1)*" '
) A (s Fi]

7
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Therefore, joint PDF of X, ,, ;7 1 and X ,, . given in (3) reduces to (5).
Thus, relation (29) can be established by replacing m with m in (27). O

Remark 3. If m; = 0,2 =1, 2, ..., n — 1 and k = 1, then the relation for product moment of order

statistics for Gompertz-G family of distribution is given by

q
E(X? X1 )—-FE(X? X!  V=——F(A(Xrn, Xen
( rin s.n) ( rn s—l.n) a(n — s+ 1) ( ( : : ))
Remark 4. Letm; — —1,2 =1, 2, ..., n — 1, then product moment of kth upper record values is

E(X X

(n) (qﬂk)(m)) - E(Xfw

q
(n)quﬂk)(m—l)) - %E(A(XU(’“)(n)’ XUW(m)))

3.1. Examples
3.1.1. Gompertz power function distribution (GOPOW)

For the given CDF in (15), we get

L (G() AT el _
Bl N N 1( _ p,a-1 _ _)\9(1 1),,q+0(1-1),.p
Therefore, in view of (28), it is easy to see that

E(Xf,n,rh,ng,n,fn,k:) - E(Xf,n,frz,k‘Xg—l,n,rh,kz)

[B+1]
q (1B +1] 0(1—1
Z(_l)l)\B(l l)( | E(Xf,n,ﬁz,qu+ ( ))_

= s,n,m, k
by, —
3.1.2. Gompertz—Pareto distribution (GOPAR)
Using the CDF given in (17), we have

q—1 (1 - G<y))ﬁ+1 _ ..p,,q—1 ()\Vy—V)ﬁ"'l _ )\Vﬁ

— P A TN nJ 7 LavB.p
Az, y) = 2"y () LR s v sy R
Thus, using (27), we obtain
P q p q q)‘yﬁ P q—vpB
E(Xr,n,ﬁz,sz,n, ﬁl,k) - E(Xr, n, FrL,k‘Xvsfl,n7 ﬁl,k) = E(Xr, n, m,sz,n, ﬁ’L,k)'

vary,

3.1.3. Gompertz exponential distribution (GOEXP)
For the CDF given in (19), we have

LG e 1 g
Alesy) =ty T =ty s = gty =at )y () g

w=0
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Now, in view of (27), it is easy to see that

Xq

s—1,n,m,k

E(Xf,n,m,ng,n,m,k) - E(Xp

r,n,m,k

¢ (DY e -
):O/stz—;] w! N BB (X 1 X

3.1.4. Gompertz inverse exponential distribution (GOIEX)
For the given CDF in (21), we have

o\
l eT)
Bl(x,y) _ xpyqfl (G(y)) o xpyq1< x_p q+1_—0y=1(1-1)

e — — y e
o) 0 0
y
aP = O —1)y™H" 2P & 0" _
— = gatl )77 7 _1u_l_1uqu+1
Y YL
Therefore, in view of (28), we obtain
E(Xf,n,m,ng, nmk) - E(Xf, n,ﬁl,ngfl,n, mk)
B+1] oo
q i (1B 1) 041 = 1)" P a—u+1
= -1 — L F(XP XTI
aefys ; u:O( ) ( l 'Ll,' ( r,n,m,k s,n,m,k)

3.1.5. Gompertz—Lomax distribution (GOLOM)

Using the CDF in (23), one can show that

(1= Gy)™ L (oY) gyt 1-68
Ale,y) = @ 9(y) - 106(1+5y)—<9+1> =g 1T
_, (-08] [1-68]
Pyt 1-68 _op_, P 1—08]\ _ e
= T 2 ([ t ]>(5y)1 ey X ([ t Jacmyra
t=0 t=0

Now, in the view of (27), we get

E(XP o X ) —B(XE X k)

r,n,m,k* s,n,m, k r,n,m,k*>s—1,n,m,k

[1-68]
q (1 =08\ (120 Cois
K} (t+ /B)E xXP Xt B-
04(9’}/5 Z ( t ( r,n,m,k s,n,m,k)

t=0

4. Characterization

In this section, the characterization of Gompertz-G family of distributions define in (6), is presented
through recurrence relations between the moments of GOS.
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Theorem 3. Fix a positive integer k£ and let p be a non-negative integer. A necessary and sufficient
condition for a random variable X to be distributed with PDF given in (7) is that

[B+1]
B ) = BT ) = 2 S0 (T et ) o)
@)

where B!(z) = 2P~}

Proof. Necessary part follows from (13). To prove the sufficiency part, suppose the relation in (30) is
true. Now, using (2) and (10) in (30), we get

pCros 7:cp1 ; ai(r) (F(2))" do = P91 [ﬁii](_l)z ([ﬁ 7 1]>

ar}/'l’ =0
X OoiL’pil (G(l’))l ; a;(r 3 x vi—1 X €T
é ( o) 2 (F@) A ))d

This implies

00 r [B+1] l
e | S ) (P) (@(@—D—l)l(w f])mf<x>>dx=o (31)

ay — g(x)

Applying the extension of Miintz—Szdsz theorem (see, e.g., [18]) to (31), we get

P [B+1]
Flz) 1 (BTN
7o) ~ agle) 2=V ("7 ")
Thus, f(x) is the PDF as given in (7). Hence, Theorem (3) holds. O

Theorem 4. Fix a positive integer k and let p, ¢ are non-negative integers. A necessary and sufficient
condition for random variables X, Y to be distributed with PDF given in (7) is that

E(X? X tmmk)

r,n,m,k

Xg,n,rh,k) - E(Xf,n,rh,k

[B+1] (32)
-1 Z(_Ut([ﬂ + 1])E(Bt(Xr,n,m,k,Xs,n,ﬁz,k))

s =g t

(O

¢ N
where B (x,y) = x'y’ o
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Proof. If part follows from (28). To prove only if part, suppose the relation in (32) holds. Now, in
view of (3) and (25), we have

oo [ | y< > (j:gy;)) (iammxw) 2 iy

i=r+1 i=1
(B+1] X S T Vi
_ qCs—1 R B+ 1]) p q—1Gt(y) (r) (F(?J))
s tz;( 1)< t éw/x‘y 9(y) (i;f’ I\ Fa)
- 2o ) (@) f)
X az(r)[F(x)]%) — - ———dydz
(Z Fx) F(y)
This implies
Cor [ [ o (S0 mipre) [ o0 <F<y>)%‘ /()
aﬂ’ys / /ZE Yy (i:1 CLZ(’I")[F(.T)] ) (igglaz (S) F(x) F(Z’)
(33)
(B+1]
B I CoR) UL P
| ;< 1)( t )9 Fy | M0
Applying the extension of Miintz—Szdsz theorem (see, e.g., [18]) to (33), we get
Fly) _ 1 N~ (e
(y)  agy) ;( D )ew
Thus, f(y) is a PDF as given in (7). Thus, the proof of Theorem (4) is completed. O

5. Conclusions

The Gompertz-G family of distributions with two additional shape parameters has been proposed by
Alizadeh et al. [4]. It includes a wide family of continuous distributions and gives a better fit to generated
distributions. The GOS is a unified approach for several ordered random variables, like order statistics,
record values, sequential order statistics, etc. The main purpose of this study is to demonstrate moments
of generalized order statistics for several continuous distributions belonging to this class. Moreover,
characterizing a probability distribution plays an important role in statistical studies and has significant
applications in natural and applied sciences. Thus, the characterization of this general class of distribution
is also carried out using moment properties.
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