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The Burr X and inverse Gaussian (IG) distributions have been considered to design an attribute 
control chart for time truncated life test with the moving average (MA) scheme w. The presentation 
of the MA control chart has been estimated in terms of average run length (ARL) by using the Monte 
Carlo simulation. The ARL is determined for different values of sample sizes, MA statistics size, pa-
rameters’ values, and specified average run length. The performance of this new MA attribute control 
chart has been compared with the usual time truncated control chart for Burr X and IG distributions. 
The performance of a new control chart is better than that of the existing control chart. 
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Acronyms 
MA – moving average 
IG – inverse Gaussian  
ARL – average run length 
AT – average time 
EWMA – exponentially weighted moving average 
LCL – lower control limit 
UCL – upper control limit 
SPC – statistical process control 

1. Introduction 

Nowadays, many technical methods for monitoring the industrial process are widely 
available. One of them is a statistical method, which supplies many useful ways for 
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industrial process control. The quality control chart, introduced by Shewhart in 1924, is 
the most popular and useful method, which can be used to detect the presence of as-
signed resources in the manufacturing industry. The main purpose of control charts is 
created on the assumption of the different distributions of the quality specifically is nor-
mal or approximately normal.  

The control chart is an important and useful statistical method that helps practition-
ers to monitor and overcome the statistics of one, two, or more variables, when the 
quality of the process is characterised by a certain value of this or that variable. A pro-
cess in-control when no assignable causes are presented in the process, and out-of-con-
trol when it has some assignable causes, like machinery error, etc.  

The control chart procedure is quite easy to perform in every type of process. How-
ever, the control charts are mostly used in the manufacturing area of industry for pre-
serving the quality of the final products or process. Process monitoring and control are 
accomplished at the quality of the products and process variations, and average levels. 
The researcher provides full discussion about the statistical process control (SPC) tech-
niques in the manufacturing industry [1].  

Apart from that, the number of applications implemented into areas outside of pre-
dictable production system has been increasing in recent years. Control charts can be 
classified into two types, one is variables control charts, and the other is control charts 
for attributes. The control charts for variables are used for quality appearances, which 
are computable like temperature, length, width, viscosity, and ductile strength, etc. We 
use variable control charts, such as R-chart, X-bar chart, and S-chart, whereas the con-
trol charts for attributes are operated for those quality features which are non-computa-
ble. The count data control charts that we usually use are p-chart, np-chart, u-chart, and 
c-chart.  

Montgomery [2] states that the control charts for attributes are generally very im-
perative in non-industrial superiority progress struggles, in which the target quality ap-
pearances are difficult to calculate on a statistical scale. The detection of defective items 
in the industrial process is mutual for refining the quality of the manufacturing products. 
Kramer and Schmid [3] discussed the basic process parameters and the behaviour of the 
Shewhart chart about the rest of the Shewhart chart and design autoregressive models 
that supposed the assessment of the autoregressive coefficients. Finally, they matched 
the results of ARL for independent variables with ARL of the control chart with predict-
able parameters and with the ARL of the outline for identified parameters.  

A review and short-term summary [4] of the slog on the variables control chart to 
observe the procedure mean and diffusion from 1993 to 2008 is stated in [4]. Gadre and 
Rattihalli [5] use a multi-attribute p-control chart to identify a modification in the values 
of distribution factors. According to them, the sizes of the proposed change in each 
parameter must be well-defined in advance. Huang et al. [6] developed an average time 
to signal-unbiased control chart with known parameter and make a comparison of the 
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traditional and proposed method. The results show this control chart is more sensitive 
to system deterioration.  

A lot of control charts are already designed for the moving average (MA) charts. This 
control chart is very simple and easy to smear. It is constructed on a simple average of di-
verse sizes. Additionally, the MA control charts are more delicate to identify small shifts in 
the procedure as equated to the Shewhart control chart [7]. Michael [8] discussed an easier, 
efficient and alternative approach of the p-chart. He presented the corresponding simulation 
and mathematical calculations results for the ARL which show that the performance of the 
new approach is superior to that of the standard approach. Wong et al. [9] designed a simple 
procedure for the MA control chart and the combined MA–Shewhart arrangement for an 
easy application. Patil et al. [10] make an economic design of MA control charts for 
ceased as well as for continued production. Recently, Patil and Shirke [11] have devel-
oped an economic cost function for MA chart under non-normal quality characteristics. 

The MA control charts have been widely recycled for checking the manufacturing 
development in the industry because they custom the information which they achieved 
from the whole structure of points, and Shewhart charts only use present-day infor-
mation. In [12], the scholar worked on hybrid exponentially weighted MA control chart. 
Aslam et al. [13] work on a double MA control chart for the exponential distribution. 
The study [14] developed a control chart for Com-Poisson distribution by consuming 
several state sampling. Azam et al. [15] worked on a design of X-bar chart for Burr 
distribution under repetitive sampling. Shafqat et al. [16] introduced the X-bar control 
chart for Rayleigh distribution, using the repetitive sampling scheme. A time truncated 
MA control chart for the Weibull distribution has been designed by Alghamdi et al. [17]. 
Haq et al. [18] worked on improved fast initial response features for exponentially 
weighted MA and cumulative sum control charts, while Khoo and Yap [19] proposed 
a MA control chart for combined monitoring of variance and mean in the procedure. 

For measuring, the presentation association of all types of control charts is evaluated 
by the design of the average run length. It is the usual number of samples, which is 
composed before an out-of-control signal. Apart from that, the average run length value 
is a high concentration in the improvement of all control charts outline. Li et al. [20] pro-
posed a study on average run length and the average time to a pointer. Molnau et al. [21] 
examine ARL for multivariate EWMA control charts. Crowder [22] studied average run 
length for an EWMA chart and Chananet et al. [23] operated on ARL, using a Markov 
chain. GMA (group moving average) control charts of different sizes are developed [24] 
for process monitoring. GMA control chart plans have good command on ARL proper-
ties over the range of location shift and Sparks [25] studies weighted MA chart for an 
efficient plan of monitoring specific location shift. Wetherill and Brown [26] provided 
some different and beneficial discussion on the ARL of MA charts, showing that the 
formula for computing the ARL of an MA chart given in Wetherill and Brown [26] is 
not good but it may provide an upper bound for the ARL.  
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MA control charts are used for checking if the quality of interest follows the normal 
distribution or not. Due to the increment of product reliability such as mobile, it is not 
possible to give a long time for the test. In this situation, the MA control chart for the 
lifetime-truncated test is useful to observe the manufacturing process. Based on the con-
tribution of different authors about the MA charts, there is no effort on the proposal of 
MA control charts for Burr X and inverse Gaussian (IG) distributions. The designed MA 
control chart works with diverse sample sizes for the in-control procedure to observe 
the modifications in scale parameters of Burr X and IG distributions. The proposed MA 
control chart with various sample sizes for the in-control chart method is used to display 
the change in the scale parameter of the Burr X and IG distributions. The results in this 
paper are calculated based on the scale parameter of the distributions and sample sizes 
of the construction process.  

The structure of this paper is as follows: Section 2 describes the technique of the 
proposed control chart. Section 3 explores the MA control chart based on Burr X and IG 
distributions. The presentation of the proposed control chart expending simulation is 
given in Section 4, and a comparison is included in Section 5. Towards the end of Sec-
tion 6, conclusion and prospect proposals are formulated.  

2. Technique of MA control chart 

This selection will monitor the MA control chart design as mentioned in [17]. The 
moving average value of size w at time i for the number of failures iD′  is calculated as 

 1 2 1...i i i i w
i

D D D DMA
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− − − ++ + + +
=   (1) 

Here, Di distribution is used equally as a binomial distribution with mean np0 and 
variance np0(1 – p0). We can compute the mean and variance of MAi statistic as follows: 
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The proposed MA control chart is identified as follows: 

Step 1. Choose a sample size n from the production process at the i subgroup and 
start the process. Calculate the number of failures Di in the termination time. Calculate 
the MAi by using equation (1). 

Step 2. The process is declared to be out of control when MAi > UCL or MAi < LCL, 
and the process declares to be in control when LCL ≤ MAi ≤ UCL 

 ( )0 0
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1np p
UCL np k
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The value of k should be calculated by supposing the mark value of in-control ARL0, 
which is control constant here. The control limits here may be flexibly designed, ac-
cording to the mark value of in-control ARL0 and stated time test. In-control and out-of- 
-control probability can be as 
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Note that, if LCL < 0, then d = 0. 

 ( )1
1 1

1
1

UCL
n dd

in
d LCL

n
P p p

k
−

= +

 
= − 

 
  (7) 

If the LCL = 0, then d must be zero. The ARL is used for checking the performance 
of the control chart. We consider the process to be in control when ARL0 is given in 
before the signal and process is out of control when ARL1 values are detected after a sig-
nal.  

The probability distribution function of the Burr X distribution where β is the scale 
parameter and α is the shape parameter 

( ) ( )( ) ( )( )( )2 22; 2 exp 1 exp , 0,f t t t t t
α
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The cumulative function of Burr X distribution is 
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Suppose tq denotes the true percentile value and tq0 denotes the specified percentile 
value. The proposed control chart is designed for monitoring the percentile ratio which 
is between true and specified percentile (described detail after equation (13)) as a shift 
by observing the number of failed products by the specified time t0. 

The probability function of the Burr X distribution is 

 ( )( )( )21 expq t
α

β= − −   (10) 

The value of p here is the probability of a fail item in any group before truncation 
time t0. If we specify t0 in terms of a multiple of the in-control process percentile through 
t0 = δqtq0 for a constant δq, the population parameter β in equation (9) is given as follows: 

 ( )1 1/ln 1 , 0 1qt q pαβ −= − − < <   (11) 

and after transforming we have 
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Now, substituting the β value from equation (11) into equation (9) we obtain: 

 ( ) ( )
2

1/

0
ln 1

1 expq q
q

q
P F t t

t

α
α   − −   = = − −       

  (12) 

So, now for in-control (IC) and out-of-control (OOC) processes we can transform equa-
tion (12) as a function of true and specified percentiles tq/tq0, and then we arrive at 
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For IC, when the ratio of the true percentile and specified percentile is equal to one, 
it is written as 
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For OOC, when the ratio between the true percentile and specified percentile is 
equal to shift f, it is written as 
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IG distribution is normally used for modelling the lifetime and it is also useful for 
holding the long-tailed data. The procedure of the IG distribution is a stochastic process. 
Now, we describe IG process as is done in detail in [27] 
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where λ is a scale parameter and mean is a μ. The cumulative density function of IG dis-
tribution can be written as 
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where 𝛷 shows the cumulative distribution function of a standard normal distribution. 
The OC function is given by 
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where p is the probability that an item fails by time t0, that is p = F(t0), so we will 
consider t0 = aμ0 for a constant a.  

Then, the cumulative distribution function can also be written as  
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when the ratio is equal to 1, then equation (10) is written as 
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when μ/μ0 = f = 1, 0.9, 0.8, 0.7, ... the in-control process P can be written as 
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3. Presentation of the proposed control chart  
by expending simulation 

The most famous scheme in quality control for the calculation of control chart is a sim-
ulation that is useable when the theoretical approach is difficult to tool, and also when it 
provides approximate solutions in the mathematical problems by solving the statistical sam-
pling problems in the computer. Schaffer and Kim [28] studied a large number of statistical 
sampling experiments. Numerous authors, including Shafqat et al. [29], Aslam [30], Sulli-
van and Woodall [31], and Fu et al. [32], worked on Monte Carlo simulation. In this paper, 
we introduce the ARL values for in-control and out-of-control chart by using the equations: 
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Table 1. The Burr X ARLs of the proposed MA chart  
with w = 3 for ARL0 = 370 and α = 1.856 

n 20 30 40 50 
q 0.6327 0.6342 0.6368 0.9285 
k 4.207398 4.6342 7.033455 6.047895 

Shift( f ) ARL  
1.0 370.9603 370.5056 370.4220 370.422 
0.9 206.404 342.65 189.768 206.03 
0.8 14.78 148.50 11.09 60.918 
0.7 11.98 10.16 1.0001 16.56 
0.6 1.01 1.23 1.00 4.96 
0.5 1.00 1.00 1.00 1.86 
0.4 1.00 1.00 1.00 1.09 
0.3 1.00 1.00 1.00 1.00 
0.2 1.00 1.00 1.00 1.00 
0.1 1.00 1.00 1.00 1.00 
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Table 2. The Burr X distribution of the proposed MA control chart  
with w = 5 for ARL0 = 370 and α = 1.856 

n 20 30 40 50 
q 0.8345 0.9347 0.96455 0.99449 
k 6.448308 7.863895 8.626822 8.916839 

Shift ARL 
1.0 369.9402 369.5499 370.2416 370.0577 
0.9 198.67 103.82 211.78 193.95 
0.8 52.08 14.92 110.54 78.36 
0.7 26.12 2.78 57.63 10.79 
0.6 5.90 1.00 10.89 2.09 
0.5 1.09 1.00 3.89 1.00 
0.4 1.00 1.00 1.00 1.00 
0.3 1.00 1.00 1.00 1.00 
0.2 1.00 1.00 1.00 1.00 
0.1 1.00 1.00 1.00 1.00 

 
The value of k and time-truncated constants will be generated according to the sam-

ple size n and moving average statistics size w such as in equation (20). The ARL1will 
be calculated by using equation (21), according to different values of the shift f. The 
ARLs are calculated by using the R-language program.  

Table 3. The Burr X distribution of the proposed MA control chart  
with w = 3 for ARL0 = 370 and α = 2 

n 20 30 40 50 
q 0.6837 0.6355 0.6368 0.6502 
k 4.791058 5.245382 5.186646 5.0849 

Shift ARL 
1.0 370.70 370.1183 370.2953 370.0380 
0.9 341.73 209.87 309.34 231.18 
0.8 109.78 78.65 101.06 10.98 
0.7 13.89 20.54 10.05 02.03 
0.6 4.06 9.02 1.43 1.00 
0.5 1.08 1.00 1.00 1.00 
0.4 1.00 1.00 1.00 1.00 
0.3 1.00 1.00 1.00 1.00 
0.2 1.00 1.00 1.00 1.00 
0.1 1.00 1.00 1.00 1.00 

 
The above MA control chart scheme has been planned for various processes. We 

use MA sizes for the control chart w = 3, and 5 with different values of shape and scales 
parameters of the Burr X and IG distributions, while the subgroup sizes of n equal to 20, 30, 
40, and 50 are considered. The performance of ARLs of the MA control chart is computed 
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for different shift levels from 1.0 to 0.1. The target in-control levels of ARL0 = 370 is spec-
ified in Tables 1–-6. In Table 7, we show both distributions existing and proposed chart 
at ARL0 = 290 with different values of scale and shape parameters. 

Table 4. The Burr X distribution of the proposed MA control chart  
with w = 5 for ARL0 = 370 and α = 2 

n 20 30 40 50 
q 0.5116 0.5483 0.6563 0.6654 
k 6.679675 6.786885 6.759283 6.65274 

Shift ARL 
1.0 369.4383 370.5378 369.8119 370.4504 
0.9 291.08 119.76 276.54 175.54 
0.8 89.45 54.34 78.16 155.47 
0.7 35.12 6.01 24.84 91.78 
0.6 4.78 1.09 8.29 43.06 
0.5 1.01 1.00 3.13 18.18 
0.4 1.00 1.00 1.51 1.00 
0.3 1.00 1.00 1.05 1.00 
0.2 1.00 1.00 1.00 1.00 
0.1 1.00 1.00 1.00 1.00 

Table 5. The IG proposed MA control chart 
with w = 3 for ARL0 = 370 and λ = 2.9 

n 20 30 40 50 
a 0.9654 0.8740 0.7793 0.7007 
k 5.108475 5.15429 4.965404 5.062807 

Shift ARL 
1.0 370.1332 370.1992 370.5447 370.0973 
0.9 290.98 342.65 308.66 288.78 
0.8 7.29 108.57 3.06 7.90 
0.7 1.69 10.16 1.06 2.01 
0.6 1.00 1.23 1.00 1.00 
0.5 1.00 1.00 1.00 1.00 
0.4 1.00 1.00 1.00 1.00 
0.3 1.00 1.00 1.00 1.00 
0.2 1.00 1.00 1.00 1.00 
0.1 1.00 1.00 1.00 1.00 

 
From Tables 1–6, we note that the values of ARLs are decreasing as the sample size n 

is increasing to 20, 30, 40, 50. With fixed values of both distributions’ scale parameters, 
the ARLs decreases when w values increase. Also, ARLs values increase when values of 
shape parameters increase.  
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Table 6. The IG proposed MA control chart 
with w = 5 for ARL0 = 370 and λ = 2.9 

n 20 30 40 50 
a 2.1504 2.1878 2.1015 2.6969 
k 6.41575 7.389155 6.924204 6.883389 

Shift ARL 
1.0 370.4597 370.3311 370.9367 370.3617 
0.9 265.96 105.55 242.65 202.45 
0.8 105.01 60.19 148.57 19.07 
0.7 11.26 16.62 10.16 2.01 
0.6 4.69 4.96 1.23 1.00 
0.5 1.04 1.86 1.00 1.00 
0.4 1.00 1.09 1.00 1.00 
0.3 1.00 1.00 1.00 1.00 
0.2 1.00 1.00 1.00 1.00 
0.1 1.00 1.00 1.00 1.00 

4. Model study 
Here we present a performance of the planned MA control chart by expanding simulated 

data. The data for MA chart is made from the IG distribution with λ = 2, and w = 2. The first 
20 observations of size 20 data generated by using the in-control process with the in-
control parameter μ0 = 5, and the second 20 observations are created by using the shifted 
process with the parameter μ1 = 0.5μ0. The number of defectives or failures D’s are 
achieved by pleasing the t0 = 4.5. The calculated values of Di and MAi are mentioned 
below.  

 
Fig. 1. The values of MAi plotted on a chart 
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In Figure 1, the moving average values are plotted and we can see that the first shift 
detect the out-of-control signal at 14th sample. But the shifted values of the proposed 
control chart detect the out-of-control point at lower limits first time at 23rd sample. 
The proposed chart shows that total 7 points are out of control throughout the process.  

5. Comparison 

The ARLs values of MA proposed control chart with w = 5 and existing time trun-
cated control chart when ARL0 = 290 for both distributions (scale parameters of Burr X 
and IG distributions) are given in Table 7.  

Table 7. The values of defective items and MA 

Di MAi Di MAi Di MAi Di MAi 
3 1.5 2 2 1 2.5 0 1.5 
0 1 2 2.5 4 2 3 4.5 
2 3 3 3.5 0 0 6 4.5 
4 3.5 4 4 0 1.5 3 2 
3 3.5 4 3 3 2 1 3 
4 3.5 2 2 1 1 5 3.5 
3 2.5 2 1 1 1.5 2 3 
2 1.5 0 1.5 2 1.5 4 4 
1 2.5 3 2.5 1 0.5 4 3.5 
4 3 2 1.5 0 0 3 NA 

Table 8. A comparison of the proposed MA chart for IG and Burr X  
distributions having w = 5, ARL0 = 290 with the existing chart [27] 

Shift Burr X IG 
Proposed chart Existing chart  Proposed chart Existing chart 

1.0 274.28 284.28 290 290.98 
0.9 120.20 206.00 5.23 6.29 
0.8 5.03 60.19 1.00 2.69 
0.7 1.00 16.62 1.00 1.00 
0.6 1.00 4.96 1.00 1.00 
0.5 1.00 1.86 1.00 1.00 
0.4 1.00 1.09 1.00 1.00 
0.3 1.00 1.00 1.00 1.00 
0.2 1.00 1.00 1.00 1.00 
0.1 1.00 1.00 1.00 1.00 

 
The ARL values of the proposed charts are smaller as compared to the existing charts 

and it shows the efficiency of the proposed charts. The Burr X distribution proposed 
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chart a shift is also detected earlier as compared to the existing chart but detects out-of-
control shift later as compared to the IG distribution in the proposed chart. So, the IG control 
chart is more efficient than the proposed Burr X control chart, and other existing charts, too.  

6. Conclusion 

A new MA control chart is proposed for the Burr X and IG distributions under a time 
truncated life test. The coefficients of control chart and test time constants are resolved 
for different producers of both distributions parameters settings. The presentation of MA 
control chart is described according to the ARLs values, by using the different shift val-
ues. We made a comparison of the new MA control chart and the existing time truncated 
control chart [27], showing the better efficiency of the new control chart than the exist-
ing control chart. So, we can say that the new MA control chart will help the engineers 
to check the quality of products with short time and price more than the existing time 
truncated control chart. It has been indicated that the proposed MA control chart will be 
a more efficient toolkit for quality checking in the industry. The MA control chart can 
be extended as future research to other non-normal distributions.  
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